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Abstract 1

2

Here we examine how biotic interactions determine the robustness of species coexistence in the face
of environmental perturbations. For In Lotka-Volterra community models, given a set of biotic interac-
tions, recent approaches characterized, and applied have analysed the probability of finding at set of
species intrinsic features (e.g. intrinsic growth rates) a set of species intrinsic growth rates (representing
intraspecific demographic features) that will allow coexistence. Here we ask instead: if species do coexist,
given their interactions, how fragile this coexistence should be to variations in species demographic
parameters ? This change of framing allows us to derive the essential features of interactions that
determine the robustness of coexistence, while not reducing it to a single number. Several metrics
have been used to quantify the fragility of coexistence in the face of variations in those intrinsic growth
rates (representing environmental perturbations), thus probing a notion of ’distance’ to the edge of co-
existence of the community. Here, for any set of interacting species, we derive an analytical expression
for the whole distribution of distances to the edge of their coexistence. Remarkably, this distribution is
entirely driven by (at most) two characteristic distances that can be directly computed from the matrix
of species interactions. We illustrate on data from experimental plant communities that our results
offer new ways to study the contextual role of species in maintaining coexistence, and allow us to
quantify the extent to which intraspecific features and biotic interactions combine favorably (making
coexistence more robust than expected), or unfavourably (making coexistence less robust than expected).
Because it has both as central tenets, our work helps synthesize coexistence and ecological stability theories.
Our work synthesizes different study of coexistence and proposes new, easily calculable metrics to enrich
research on community persistence in the face of environmental disturbances.
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Introduction 26

Understanding why and how species coexist is a central question in community ecology (Armstrong and 27

McGehee, 1976; Chesson, 2000; Hastings, 1980; Hutchinson, 1961). Many studies have focused on what 28

makes coexistence possible, and in particular on the role of the network of interactions between species 29

(Abrams, 1984; Abrams et al., 2003; Brose et al., 2006; Otto et al., 2007; Williams, 2008). In the context of 30

Lotka-Volterra models (the simplest mathematical representations of the population dynamics of interacting 31

species), to quantify the role played by biotic interactions in species coexistence, a recent and growing body of 32

theoretical work proposes to study the volume of a community’s so called ’feasibility domain’ (Rohr, Saavedra, 33

and Bascompte, 2014; Rohr, Saavedra, Peralta, et al., 2016; Saavedra et al., 2017; Song, Rohr, et al., 2018). 34

Given the set of biotic interactions between species, this feasibility domain is defined as the range of species 35

intrinsic features (thought to reflect abiotic conditions that do not depend on the presence of the other species 36

considered, such as intrinsic growth rates or carrying capacities) that allow species to coexist (Fig. 1
:
1). The idea 37

here is that the larger this domain, the more likely a community is to withstand environmental disturbances 38

while maintaining coexistence (Bartomeus et al., 2021; Song, Altermatt, et al., 2018). 39

However, the fact that a large set of conditions allows coexistence does not necessarily mean that coexis- 40

tence is robust to environmental change. This can be visualized geometrically: a
:
A
:
thin elongated feasibility 41

domain could have a large volume, yet only contain fragile coexistence states, vulnerable to small changes 42

in abiotic conditions. This observation reflects the tenuous distinction between two seemingly equivalent 43

questions: "how likely will species coexist?", whose answer, in L-V models, corresponds to the size of the 44

feasibility domain, and "If species do coexist, how fragile will this coexistence be?". This difference between 45

raw and conditional probabilities of coexistence has led to the emergence of shape metrics of feasibility do- 46

mains . Recently Allen-Perkins et al. (2023) showed that a notion of ’domain asymmetry’ can be correlated 47

with variations of population dynamics across species in experimental plant-communities. These results are 48

promising, but do not yet test quantitative predictions regarding the robustness of species coexistence to 49

actual perturbations. They show that theoretical rankings of species vulnerabilities, based on the shape of the 50

feasibility domain, are consistent with observed variations in population dynamics. Here, to make feasibility 51

theory more directly interpretable, we will include ecological perturbations in its formulation. The goal would 52

then be to move beyond a purely geometric description of the feasibility domain, and explicitly characterize 53

the robustness of coexistence to environmental perturbations. (Allen-Perkins et al., 2023; Grilli et al., 2017; 54

Saavedra et al., 2017).
:

55

We will
:
In

::::
line

::::
with

:::::
these

::::::
recent

:::::::::::
approaches,

:::
the

::::
aim

::
of

::::
our

:::::
study

::
is

::
to

:::::::
expand

::
on

::::
the

:::::
study

::
of

:::::::::
feasibility 56

::
by

:::::::::
proposing

:::
an

:::::::
explicit

::::::::::::
mathematical

:::::::::::
relationship

::::::::
between

:::
the

::::::::::
robustness

:::
of

::::::::::
coexistence

::
in
::::
the

::::
face

:::
of 57

::::::::::::
environmental

::::::::::::
disturbances,

::::
and

::::
the

:::::
shape

::::
and

::::
size

::
of

::
a
:::::::::
feasibility

:::::::
domain.

::::
To

::
do

::::
so,

:::
we model ecologi- 58

cal perturbations as long term changes
::
of species intrinsic features (such as their growth rates or carrying 59

capacities) and derive
:::::
define, for any realized coexistence state, a notion of distance to the edge of feasibility: 60

::::::::::
coexistence.

:::::
This

:::::::
distance

::
is
:
the minimal environmental perturbation intensity z able to lead at least one 61

species to extinction. Our goal is to determine, amongst all coexistence states, the proportion p(z) that lie 62

within distance z from the edge of feasibility. For a given feasibility domain, this function z 7→ p(z) describes 63

the distribution of distances to its edges, thus characterizing both the size and shape of the domain. If
:::
the 64

function p(z) rapidly grows towards 1
:::::::
reaches

:
1
::
as

::
z
:::::
grows

:
this means that coexistence is typically fragile. In 65

fact,
:::
The

:::::::::::
(cumulative) function p(z) allows quantifying

::::::::
quantifies

:
the interrelation between intrinsic features 66

of species
::::::
species

::::::
growth

:::::
rates and their interactions. If

:::
For

::::::::
instance,

:
if
:
in a given state, p(z) is close to 1, this 67

means that in this environment, species intrinsic features and
:::
the

:::
set

::
of

:::::::
species

:::::::
intrinsic

:::::::
growth

:::::
rates

::::
and 68

:::
the

:::
set

::
of

::::
their

:
biotic interactions combine favourably. Our mathematical analysis aims to find

:::
will

:::::
reveal

:
the 69

essential features of the function p(z) that can be
::::::
directly

:
computed from the matrix of biotic interactions. 70

We then
::
As

::
we

::::::
hinted

::::::
above,

::::
our

:::
the

:::::::::
description

:::
of

:::
the

::::::::::
distribution

::
of

::::::::
distances

::
to

::::
the

::::
edge

::
of

:::::::::::
coexistence, 71

:
is
::
in
::::
line

::::
with

::::::
recent

:::::
work

::
by

:::::::::::::::::::::::
Allen-Perkins et al. (2023).

:::::
Using

::
a

::::::
similar

::::
logic

:::
to

:::::
study

:::
the

::::::::::
asymmetry

::
of

::::
the 72

2



::::::::
feasibility

:::::::
domain

::::
(but

:::::::
different

:::::::::
analytical

:::::::::::
calculations)

:::::
these

:::::::
authors

:::::::::
introduced

::::::::
different

:::::::
metrics

::::::
related

:::
to 73

:::
the

::::::::::
robustness

::
of

::::::::::
coexistence

::
of

::::
the

::::::::::
community.

:::::::::::
Remarkably,

::::
they

:::::
used

::::
one

::
of

:::::
these

:::::::
metrics,

::::
the

::::::::
so-called 74

::::::::::
"probability

::
of

:::::::::
exclusion",

::
to

:::::::::::
characterize

::::::
species

:::::::::::
vulnerability

::
in

:::::::::
grasslands,

::::::::
showing

:::
that

::::::::::
theoretical

:::::::::
predictions 75

:::::
based

:::
on

:::
the

::::::
shape

::
of

:::
the

::::::::
feasibility

:::::::
domain

::::
are

:::::::::
consistent

::::
with

::::::::
observed

::::::::::
population

:::::::::
dynamics.

::
In

:
a
:::::::
similar 76

:::
vein

:::
we

:::::
show

:::::
here

::::
how

::
to

:::
use

::::::::
features

::
of

:::
the

::::::::
function

::::
p(z)

::
to

:::::
study

:::
the

:::::::
relative

:::::::::::
vulnerability

::
of

:::::::
species.

::::
The 77

::::
idea

:
is
::
to

::::::::
address

:::
the

:::::
biotic

:::
role

::::::
played

:::
by

::::
each

:::::::
species

::
in

:::
the

::::::::::
robustness

::
of

::::::::::
coexistence,

::
in
::::
the

::::::
context

::
of

::::
the 78

::::::::::
community

::
to

:::::
which

::
it

:::::::
belongs.

:
79

:::
We

:
apply our methods to data

::::::::
simulated

:::::::::
ecological

::::::::::::
communities,

:::::
either

::::::::
drawing

::::::::::
parameters

::
at

::::::::
random 80

::::
(See

::::::::
appendix

::
B)

::
or

:::::::
inferring

:::::
them fromexperimental plant community experiments (Van Ruijven and Berendse (2009)81

analyzed by Barbier et al. (2021) , who computed the carrying capacities and interaction forces of species ). 82

This (Van Ruijven and Berendse, 2009).
::::
The

:::::::
results

::
(in

::::
line

::::
with

:::::::::::::::::::::::
Allen-Perkins et al. (2023))

:::::::
confirm

:::
the

::::
link 83

:::::::
between

::::
the

::::::::::
coexistence

:::::::::
measures

:::
we

::::::
derive

::::
from

::::
our

::::
work

::::
and

:::
the

::::::
actual

::::::::::
persistence

:::
of

::::::
species

::::::::
through 84

::::
time

::
in

:
a
::::::::
changing

::::::::::::
environment.

:::::::
Applied

::
to

::::::::::::
experimental

::::
plant

::::::::::
community

:::::
data,

:::
our

:
analysis reveals the role 85

played by the various plant species in maintaining coexistence, which we relate to the degree of facilitation or 86

competition experienced by eachspecies. We also quantify the adequacy, in terms of coexistence, between bi- 87

otic and abiotic conditions in those plant communities. The goal here is to make
:::
Our

::::
work

::::::::::
constitutes

:
a proof 88

of concept, demonstrating a theoretical method for future experiments aimed at characterizing a particular 89

type of environment and how well it matches a particular assemblage of species in terms of maintaining co- 90

existence. Overall, considering the ease of computation of our metrics and the several novel application that 91

emerges from them, our work should facilitate the use of this feasibility theory for experimental purposes 92

Figure 1. The feasibility domainDf (A) (in light red on the left) is defined as the subset of growth rate direc-
tions that, given a pair-wise interaction matrixA, allows coexistence between all species. It is the intersection
of the sphere with the image in r-space (via the matrix A) of the positive quadrant in N-space (shown on the
right). The shape and volume of the feasibility domain corresponds to the shape and volume of the light red
surface on the left. The probability of feasibility P(Df ) :::::::::

P(r ∈ Df ) is the ratio between the volume ofDf and
the volume of the unit sphere.

The feasibility domain 93

Consider a community of S species. Let Ni define the abundance of species i and ri its intrinsic growth 94

rate (which could be negative if the species cannot establish on its own), which encodes the effect of the 95

environment on the ability of the species to grow if it were alone (Coulson et al., 2017; Levins, 1968; Meszéna 96

et al., 2006; Roughgarden, 1975). The central object of study of feasibility is the matrix A = (Aij) of pairwise 97
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biotic interactions between all S species in the community. Aij encodes how a change in the abundance of 98

species j, impacts the growth of species i. This can represent competition or facilitation depending on the 99

sign of Aij . The diagonal terms Aii represent intraspecific competition, and will be assumed non-zero in our 100

analysis. The generalized Lotka-Volterra (L-V) model
:::::::::::::
(Volterra, 1926) prescribes the population dynamics of 101

all species as: 102

dNi

dt
= Ni ·


ri −

S∑

j=1

AijNj


 for i = 1, . . . , S (1)

A growth rate vector r = (ri) is ’feasible’ if the fixed pointN∗(r) = A−1r of the abovemodel is strictly positive, 103

meaning thatN∗(r)i > 0 for all i. To consider the feasibility domain, we artificially
::::::::
guarantee

:::
the

:::::::::::
coexistence 104

:::::
when

:::
the

:::::::
feasible

::::::::::
equilibrium

:::::
point

:
is
::::::::
reached,

:::
we

:::::::
impose

:::::
global

:::::::
stability

::
of

:::
the

:::::::
system

::::::::::::::::
(Deng et al., 2022)

::
by 105

::::::::::
considering

::::
only

:::::::
D-stable

::::::::::
interaction

::::::::
matrices

:::::::::::::::
(Grilli et al., 2017).

:::
To

::::::
define

:::
the

::::::::
feasibility

:::::::
domain

::::
one

:::
has

:::
to 106

assume that variations in growth rates are the result of a variation in abiotic conditions impacting the ability 107

of species to grow on their own, but not their interactions (but see discussion). This abstraction leads to a 108

definition of the feasibility domain associated with the interaction matrix A (Rohr, Saavedra, and Bascompte, 109

2014): the set of growth rate vectors Df (A) such that the equilibrium abundances are non zero
:::::::
non-zero. 110

However, in the L-V model, multiplying all growth rates by a constant does not change coexistence. Thus the 111

feasibility domain has to be defined as a set of directions, isomorphic to a solid angle in the r-vector space 112

(Ribando, 2006; Saavedra et al., 2017; Song, Rohr, et al., 2018), so a convex subset of the sphere (Fig. 1
:
1): 113

Df (A) = {r/||r|| | such thatN∗ = A−1r is strictly positive} (2)

We can also think of the relative volume of the domain as the probability
:::::::::
P(r ∈ Df ):of randomly drawing 114

growth rates r which lead to positive abundances (Grilli et al., 2017). The random sampling must be though of 115

as uniform in the space of growth rate directions. Importantly, drawing each species’ growth rate ri indepen- 116

dently from a standard Gaussian distribution yields such a uniform sampling of growth rate directions. This 117

remark, followed by the linear change of variables A−1 : r 7→ N then leads to the following formulafor the 118

relative volume of the feasibility domain : 119

PP
:
(r ∈

::
Df ) =

1
√
2π

S

∫

r∈Df

e−
||r||2

2 dSr =
|A|

√
2π

S

∫
RS

+

∞
0
:
e−

||AN||2
2 dSN (3)

P(Df ) is thus :::
The

:::::::::
probability

::::::::::
P(r ∈ Df ):::

can
:::::::::
therefore

:::
be

:::::::::
computed

::
as

:
the cumulative distribution, noted 120

ΦA⊤A(0) ::::::::
evaluated

::
at

:
0, of amultivariate normal distribution centeredon0 andwith covariancematrixC = (A⊤A)−1

:::::::
normal121

::::::::::
distribution

::::::
whose

::::::::::
covariance

::::::
matrix

::
is

::::::::::
determined

:::
by

:::
the

::::::::::
interaction

::::::
matrix

::
A
:::::
(this

:::::::::
covariance

:::::::
matrix

::
is 122

:::::::::
(A⊤A)−1). In the absence of interactions P(Df ) = 2−S

:::::::::::::::
P(r ∈ Df ) = 2−S . To focus on the effect of interac- 123

tions it is thus convenient to define a ratio of probabilities Saavedra et al. (2017)
::::::::::::::::::
(Saavedra et al., 2017): 124

Ω(A⊤A) = 2S · ΦA⊤A(0)P(r ∈ Df )
::::::::

(4)

Within this formalism, Ω corresponds to the effect of species interactions on the probability of coexistence 125

and is equal to 1 in the non-interaction case. 126

Distribution of distances to the edge of feasibility 127

If a community of species is in a state of stable coexistence, how difficult is it for it to lose coexistence? In 128

otherwords, what is theminimumdisturbance that a community can experiencewithout leaving the feasibility 129

domain? This depends on how close to
:::::
These

:::
are

::::
well

::::::
known

:::::::
results,

::::
and

:::::
since

::::
their

::::
first

:::::::::::
introduction

:::
to 130

::::::
ecology

:::
by

:::::::::::::::::::::::::::::::::
(Rohr, Saavedra, and Bascompte, 2014),

:::::
have

::::
been

:::::::
applied

::
to

:::::
study

:::
the

::::::::::
coexistence

::
of

:::::
many

::::::::
ecological131

:::::::
systems.

::::
Yet

:::
the

:::::::
volume

::
of

::::
the

::::::::
feasibility

:::::::
domain

:::::
(also

::::::
called

::::::::
structural

::::::::
stability)

:::::
does

::::
not,

:
a
::::::
priori,

:::
tell

:::
us 132

:::::::
anything

::::::
about

:::
the

::::::
shape

::
of the boundary the growth rate vector was in the first place and can correspond 133

4



to the ’robustness’ or the ’full resistance’ notion that was defined recently in Lepori et al. (2022) and Medeiros 134

et al. (2021). Here we want to go beyond the characterization of a given realized community, i.e. its distance 135

from the edge of feasibility, and understand the contribution of the interaction network to the robustness 136

integrated over all possible communities. This will allow us to isolate the role of species interactions, but also 137

to determine the degree to which an actual growth rate vector favours coexistence: given the interactions, is 138

this vector particularly close or far form the edge of the feasibility domain?
:::::::
domain,

:::
nor

::::
how

::
to

:::::
relate

:::
its

:::::
value 139

::
to

:::
the

:::::::::
probability

::::
that

::
a

:::::
given

:::::::::::
perturbation

:::
will

:::::
push

:::::
some

::::::
species

:::
to

:::::::::
extinction.

::::
Our

::::
goal

::
in

:::
the

::::
next

:::::::
section 140

:
is
:::
to

::::::
provide

:::::
such

:
a
::::::::::
connection.

:
141

Distribution of distances from the edge in standard triangles 142

::::::::::::::::
Distribution

:::
of

:::::::::::::
distances

:::::::
from

:::::
the

:::::::
edge

:::
of

::
a

:::::::::::
triangle 143

If the community is made of three species
::::::
(S = 3)

:
, the feasibility domain corresponds to a solid angle, 144

which defines a triangle drawn on a sphere (see Fig. 1
:
1). We thus start with a simplified analysis of regular 145

triangles. This analogy allows us to gradually introduce the logic behind our geometrical approach (see Fig. 146

2
:
2). In this detour into simple trigonometry, whichmay seem removed from the initial ecological question, we 147

will create a shape metric capable of encapsulating all the subtleties of shape differences between triangles 148

(see Fig. 2
:
2). 149

Figure 2. Left: Triangles are parameterized by their base l, height h,
::::
area

::
A

:
and perimeter P

:
P . Their area is

A = hℓ/2, and we
:::
We are interested in the fraction p(z) of points that lie within a distance z from an edge.

We can show that p(z) = 1− (1− z/D∗)2 which::::
p(z) is fully parameterized byD∗ = 2A/P

::::::::::
D∗ = 2A/P , the

radius of the inscribed disc, whose center is equidistant to all edges of the triangle. Right: at a fixed area A
:
A,

D∗ grows as triangles approach an ::::::
become

:
equilateraltriangle (which minimizes the perimeter P ).

The probability of a point to be at a distance greater than z from one of the triangle’s edges corresponds 150

to the relative area of the inscribed triangle whose own edges are exactly at a distance z from the boundaries 151

of the original one (see the left panel of Fig. 2
:
2). Knowing A

:
A, the area of the original triangle, and A′

::
A′, the 152

area of the inscribed triangle, the proportion p(z) of points that lie within a distance z from an edge is thus 153

p(z) =
A−A′

A :::::::::::::
p(z) =

A−A′

A . If P is the perimeter of the original triangle, it is an easy
:
It
::
is
:::
an

:::::::::::
entertaining 154

exercise to show that 155

p(z) = 1−
(
1− z

D∗

)2

In this expression,
:::::::
showing

::::
that p(z) is fully parameterized by the number D∗ = 2A/P

:
a

:::::
single

:::::::
number

:::
D∗, 156

which is the radius of the largest disc contained in the triangle (we can verify that
::::::
indeed p(D∗) = 1). At fixed 157

perimeterP , the largerD∗ is , the larger this distance, and thus the ’bulkier’ the triangleis. As expected:::
One

::::
can 158

::::
show

::::
that

:::::::::::
D∗ = 2A/P

::::::
where

::
P

:
is
::::
the

::::::::
perimeter

::
of

::::
the

::::::
original

::::::::
triangle.

:::
For

:
a
:::::
fixed

::::
area

::
A,D∗ is maximal for 159

equilateral triangles , which for a fixed perimeter, maximize the area.
::::
(right

:::::
panel

::
of

::::
Fig.

::
2).

:
This single distance 160

5



measureD∗ therefore allows us to quantitatively express differences in shape and size between triangles, and 161

quantify, via the function p(z) above, the relative positioning of a given point within a triangle. For instance, If 162

p(z) > 0.5, this point is further from the edges than most.
:::::
which

:::::::
encodes

:::
the

::::::
whole

::::::::::
distribution

::
of

:::::::::
distances 163

::
to

:::
the

::::::::
triangle’s

::::::
edges. 164

In the next sections we will show how we come to interpret such a situation as a case where, given the 165

interaction network, the growth rate of species favour robust coexistence. But before we can make such 166

ecological interpretations, two steps remain. First, we must show that the distance z is a measure of the 167

intensity of environmental disturbances able to push species to extinction. Second, we need to generalize our 168

::::::
section

:::
we

:::
will

:::::::::
generalize

::::
this geometrical ideas to feasibility domains, that are not simple triangles, and can 169

be of any dimension (i.e. any number of species).
:::
The

::::
aim

:
is
:::::
now

::
to

:::::
derive

::
a
::::::
similar

:::::::
function

:::::
p(z)

:::::::::
applicable 170

::
to

::::::::
ecological

::::::::
systems

:::
(L-V

::::::::
models).

:
171

Perturbation intensity as a distance to the edge of feasibility 172

::::::::::::::::
Distribution

:::
of

:::::::::::::
distances

:::::::
from

:::::
the

:::::::
edge

:::
of

::
a

::::::::::::::
feasibility

::::::::::
domain 173

We consider a perturbation as a change
::::::::
Following

:::::::::::
Allen-Perkins

::
et

::
al.

:::::::
(2023),

:::::
Cenci,

::::::::::::::::
Montero-Castaño,

::
et

::
al. 174

:::::
(2018)

::::
and

:::
De

:::::::
Laender

::
et

:::
al.

::::::
(2023),

:::
we

::::::::
consider

::::::::::::
perturbations

::
as

::::::::
changes in environmental conditions that 175

occurs on a long-time scale , modeled as a variation δr = (δri) ::
(so

::::
that

::
a
::::
new

::::::::::
equilibrium

::::
can

:::
be

::::::::
reached). 176

:::::::::::::
Mathematically,

:::
we

::::::
model

::
a

:::::::::::
perturbation

::
as

::
a

:::::
vector

:::
of

::::::::
variation

::
δr of species intrinsic growth rates . In L-V 177

models, this will eventually lead to a shift of abundance of any species i:
:::
(i.e.

:::::::
whose

:::::::::::
components

:::
are

::::
the 178

:::::::::::
species-level

::::::::
variations

::::
δri).::::::

Using
:::
the

::::::::
euclidean

:::::
norm

::
of

:::::::
vectors

::::
|| · ||

:::
we

::::
then

::::::::
measure

:::
the

:::::::
relative

::::::::
intensity 179

::
of

:::
this

:::::::::::
perturbation

:::
as

:::
(we

:::
will

::::
see

::::
why

::::::
below) 180

Ni(r + δr)−Ni(r)intensity
:::::::

=
∑

j

(A−1)ijδrj =v(i), δr
√
S
||δr||
||r||

:::::::

(5)

where the vectorv(i) is the ith row of the inverse interaction matrix A−1. The vector v(i) thus encodes the 181

species sensitivity to environmental perturbations . To lose coexistence, the perturbation must lead to the 182

extinction of
:::
For

::::
any

:::::
point

:
r
:::
in

:
a
:::::::::
feasibility

:::::::
domain

:::
(so

::
a

:::::::
feasible

::::::
growth

::::
rate

:::::::
vector),

:::
we

::::
can

::::::::
measure

:::
its 183

:::::::
distance

:::::
from

:::
the

:::::
edge

::
of

:::
the

:::::::
domain

:::
as

:::
the

:::::::
minimal

:::::::::::
perturbation

::::::::
intensity

:::::::
capable

::
of

:::::::
leading

:
at least one 184

species . This implies that |⟨v(i), δr⟩| is equal toN∗
i for some

::
to

:::::::::
extinction.

::
In

:::
the

::::::::
appendix

:::
we

:::::
show

::::
that

::::
this 185

:::::::
distance

:::
can

:::
be

:::::::
directly

:::::::::
computed

::
as 186

d = min{intensity; such that Ni(r + δr) = 0 for some i} = min
i

√
S

||r||
Ni(r)

wi
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::

(6)

::
in

:::
the

:::
last

:::::
term,

::::
for

:::
any

:
species i. The minimal disturbance intensity (the ,

:::
wi::

is
:::
the

:::::::::
euclidean norm of the 187

vector δr) able to cause an extinction gives us a notion of distance to the edge of the feasibility domain. Given 188

that |⟨v(i), δr⟩| ≤ ||vi|| × ||δr||, this distance is: 189

z = min
i

Ni(r)

||vi||

This value depends linearly on the norm of r (via the term Ni(r)). To standardize distances, we impose that 190

||r||2 = S. We will soon see why this choice is a natural one. 191

The most robust state of coexistence and the radiusD∗ of the inscribed disc 192

Here we look for the maximal distance to the edge of feasibility. To do so we fist locate the incenter rc 193

of
::::::::::::
corresponding

::::
row

::
of

:
the domain, and its distance

::::::
inverse

::::::::::
interaction

::::::
matrix,

::::::
which

:::::::
encodes

::::
that

:::::::
species 194
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::::::::
sensitivity

::
to

:::::::::::::
environmental

:::::::::::::
perturbations,

::::
with

::
wi:::::::::

measuring
:::
its

::::::::
maximal

::::::::
sensitivity

:::::
(thus

::::::::::::::::
w2

i =
∑

j(A
−1)2ij ). 195

:::
Our

:::::
main

::::::
result,

:::::::::
illustrated

::
in

::::
Fig.

::
3,

::
is

::
a

::::::
simple

:::::::
formula

:::
for

:::
the

:::::::::::
distribution

::
of

::::
such

:::::::::
distances,

:::
in

:::
the

:::::
form 196

::
of

:
a
::::::::::
cumulative

::::::::
function

::::::::::::::
p(z) = P(d ≤ z),

::::::
which

::::::
mimics

::::
the

::::
one

:::::
given

::
in

:::
the

::::::::
previous

::::::
section

:::
for

:::::::::
standard 197

::::::::
triangles,

:::
and

::
is
:::::::
entirely

:::::::::::::
parameterized

::
by

::::
two

:::::::::::
characteristic

:::::::::
distances

:::
and

:::::::
species

::::::::
richness

::
S: 198

p(z) = P(d ≤ z) ≈ 1−
(
1− z

D∗

)S
√

2
π

D∗
D

:::::::::::::::::::::::::::::::::::

(7)

::
As

:::
for

::::::::
standard

::::::::
triangles,D∗ to the edge. The incenter is equidistant to all edges, meaning that

N c
i (r

c)

||vi|| = D∗ 199

for all i. Thus, using the fact thatAN c = rc, and introducing
:::::::::
represents

::::
the

::::::
largest

:::::::
distance

:::::
within

::::
the

:::::::
domain, 200

:::::::::
associated

::::
with

:::
its

:::::::
incenter

:::
r∗,

::::
also

:::
the

:::::
most

::::::
robust

:::::
state

::
of

::::::::::
coexistence

:::::
given

::::
the

:::
set

::
of

:::::
biotic

:::::::::::
interactions. 201

::::::::::
Remarkably,

:::
we

::::
can

::::::
deduce

::
a

::::::
simple

:::::::
formula

:::
for

::::
both

:::
D∗::::

and
:::
r∗.

:::::::
Indeed,

::
in

:::
the

::::::::
appendix

:::
we

:::::
show

::::
that,

::
if

::
w 202

:
is
:
the vector of maximal sensitivities v = (||vi||), we get that 203

rc = D∗ ×Av

The value ofD∗ follows from the normalization of growth rates (i.e. ||rc||2 = S). We then deduce that
:::::::
species 204

::::::::::
sensitivities

:::
(i.e.

::::::
whose

:::::::::::
components

:::
are

::::
the

:::::::::::
species-level

:::::
values

::::
wi),::::

then
:

205

r∗ = Aw and
:::::::::::

D∗ =

√
S

||Aw||
:::::

(8)

In
::::
One

:::
can

::::::
check

::::
that

::
in the absence of interactions, and thus when A is diagonal, we have D∗ = 1 . This 206

is what justifies
::::
(this

::
is

:
a
::::::::::::
consequence

:::
of our choice of growth rate normalization. For regular triangles, 207

this maximal distance was the sole parameter of
::::::::::::
normalisation

::
of

:::::::::::
perturbation

:::::::::
intensity).

::::
The

::::::::
formula

:::
for 208

:::
the

::::::::::
distribution

::
of

:::::::::
distances

::::::
differs

:::::
from

:::
the

::::
one

:::
for

::::::::
triangles

::
in

::::
that

:
the function p(z) that describes the 209

proportion of points within a distance z to an edge. In the case of feasibility domains, all we know at this point 210

is that p(D∗) = 1. ThismakesD∗ a natural characteristic distance, to which the intensity of any environmental 211

perturbation should be compared. However, we will see in the next section that the raw number of species S 212

also plays a crucial role, as well as a different quantity, very much related toD∗, that controls the behavior of 213

p(z) for
:::::::
maximal

::::::::
distance

:
is
::::
not

:::
the

::::
only

:::::::
relevant

::::::::
distance,

:::
the

::::
one

::::::
driving

::::
the

::::::::
behaviour

:::
at small z values. 214

Edge effects in high dimensions, and the role of species richness 215

Abovewe focused on the largest distance to an edge of the feasibility domainwhere p(z) = 1. Nowwewant 216

to understand the initial behavior of p(z) and therefore, small z distances. To do so , we use the Gaussian 217

integral characterization of the feasibility domain. Using the Gaussian cumulative function ΦA⊤A defined in 218

section 1 that follows from the change of variables r → N , the proportion of feasible growth rate vectors that 219

lie within a distance z from an edge can be calculated as 220

p(z) ≈ 1− ΦA⊤A(−zv)

ΦA⊤A(0)

,
:::
so

::::
near

:::
the

:::::
edge

::
of

:::
the

::::::::
domain,

:
is
::
in
::::
fact

:
221

D = 1/
1

S

S∑

i=1

wi

√
|A⊤A|

|(A⊤A)/i|
Ω/i

Ω
::::::::::::::::::::::::::::

(9)

where v = (||vi||) is the vector of maximal species sensitivities. The argument−zv in the cumulative function 222

means that we integrate over growth rate vectors r such that the corresponding abundances Ni are larger 223

than zvi. The. approximation comes from the fact that the growth rate vectors r are only normalized on 224
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average (i.e. E||r||2 = S). However, this has negligible effects for S large enough (i.e. in high dimensions). 225

This approximation is crucial to keep mathematical tractability. By differentiating p(z) at z = 0 we get the 226

initial behavior of p(z), which describes the edge of feasibility. This derivation is relatively simple to carry out 227

and gives 228

p′(0) = S

√
2

π
× 1

S

S∑

i=1

vi

√
|A⊤A|

|(A⊤A)/i|
Ω/i

Ω

In this expression, amatrixB/i is onewhere the ith::::
with

:::
X/i::::::::

notation
:::::::
meaning

:::
for

:::
any

::::::
matrix

:::
X ,

:::
the

::::::::::::
corresponding229

:::::
matrix

:::::::
without

:::
the

::::::
i− th row and columnhave been removed. Ω = 2SΦA⊤A(0) is the rescaled volume of the 230

feasibility domain, while Ω/i = 2S−1Φ(A⊤A)/i(0) ,::::
and

:::
Ω/i:

is essentially the rescaled
::::::
relative

:
volume of the 231

feasibility domain in the absence of
:::
for

:::
the

::::::::::
community

:::::::
without species i . This leads us to define 232

D = 1/
1

S

S∑

i=1

vi

√
|A⊤A|
|A⊤A|/i

Ω/i

Ω

which is equal to 1 in the absence of interactions. The expression forD is quite different (andmore complicated) 233

to the expression for maximal distanceD∗. Nonetheless those two distances are closely related and take very 234

similar values, with D ≈ D∗ for the vast majority of random interactions matrices that we generated, and 235

even more so when considering empirically inferred matrices (See 7 in Supplementary material). 236

Distribution of distances from the edge for general feasibility domains 237

So now we have p(z) ≈ S
√

2
π × z

D when z is small, while in the previous section we had p(z = D∗) = 1. 238

This leads us to a simple approximation that mimics the regular triangular formula for the distribution of 239

distances in the feasibility domain(see Fig. 3 for a numerical example) 240

p(z) ≈ 1− (1− z

D∗
)S
√

2
π

D∗
D

There are thus two characteristic distances: D∗, which does not explicitly depend on S, andD/S
√

2
π , which 241

decays rapidly
::::
(but

:::
see

:::
the

::::::::
appendix

:::
for

::
a

:::::
more

::::::
precise

::::::::::
expression

:::
and

::::::::::
derivation).

::::
The

:::::
initial

:::::
slope

::
of

::::
p(z)

::
is 242

::::
given

:::
by

::::::::
S
√

2
π/D::::

and
::::::::::
determines

:::
the

::::::::
behavior

::
of

::::
p(z)

::
at

:::::
small

:
z
::::::
values,

:::
so

::::
near

:::
the

:::::
edge

::
of

:::
the

:::::::
domain.

::::
We 243

:::
see

::::
that

:::
this

:::::
slope

::::::::
explicitly

::::::
grows with species richness. The latter behavior occurs because when there are 244

many species present, it is ever more likely that one of them is close to local extinction. This diversity effect 245

will tend to take a dominant part in shaping the function p(z). Geometrically speaking, this effect comes 246

from the fact that in high dimensions, even very thin neighbourhoods of the edge of a closed object will 247

cover a dominant fraction of the overall volume of that object1. .
::::
The

::::::::::
expression

:::
for

::
D

:::
and

::::
D∗ :::::

clearly
::::::
differ. 248

::::::::::
Nonetheless

::::::
those

:::
two

:::::::::
distances

:::
are

::::::
closely

:::::::
related

::::
and

::::
take

::::
very

::::::
similar

:::::::
values,

::::
with

:::::::
D ≈ D∗:::

for
::::
the

::::
vast 249

:::::::
majority

::
of

:::::::
random

:::::::::::
interactions

:::::::
matrices

::::
that

:::
we

:::::::::
generated,

::::
and

:::::
even

::::
more

:::
so

:::::
when

::::::::::
considering

::::::::::
empirically 250

:::::::
inferred

:::::::
matrices

::::
(See

::::::::::::::
supplementary

:::::
figure

::::
A2).

::::::
Finally,

:::
we

:::
can

::::::::
connect

:::
the

:::::::::::
characteristic

:::::::::
distances

:::
D∗::::

and 251

::
D

::::
with

:::
the

:::::::
relative

:::::::
volume

::
of

:::
the

:::::::
domain

::
Ω
::::::
(from

:::
the

::::
first

:::::::
section).

:::
In

:::::::::::::
supplementary

::::::
figure

::
A1

::::
and

::
in

::::
the 252

::::::::::::
mathematical

::::::::
appendix

:::
we

::::::
explain

::::
why

:::
we

::::
may

::::::
expect

::::
that,

:::::::
roughly

::::::::
speaking

:
253

D∗ ≈ D ≈ Ω
2
S

::::::::::::
(10)

:::
This

::::::::::::
approximate

:::::::::::
relationship,

:::::
which

:::::
must

:::
be

:::::::::::
understood

::
as

:::
an

::::::::::
equivalence

:::
of

::::::
orders

::
of

:::::::::::
magnitudes

::::
and 254

:::
not

::
of

:::::::
precise

::::::
values,

::::::
taken

:::::::
together

:::::
with

::::::::
equation

:
7
::::::::
connects

::::
the

::::
size

::
of

:::
the

:::::::
domain

:::
to

::
its

::::::
shape,

::::
and

:::
to 255

:::
the

:::::::::
probability

::::
that

::
a

::::
given

::::::::::::
perturbation

:::
can

:::::
push

::::::
species

::
to

::::::::::
extinction.

::
In

:::
the

::::::::::
appendices

:::
we

:::::::
expand

::
on

::::
the 256

1This can be seen by rescaling distances as ẑ = S
√

2
π
× z, and take the limit of large S. Our ansatz above indeed becomes

p(ẑ) ≈ 1− e−ẑ/D where the influence of the larger distanceD∗ has dissolved into irrelevant asymptotic behaviour.
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::::
latter

:::::
point

:::
by

::::::::::
considering

:::::::::
randomly

::::::::
changing

::::::::::::
environments

:::::::
trough

::::
time.

::::
We

:::::
show

::
in

::::::::::
simulations

::::
that

::::
the 257

:::::::::
equivalent

:::::::
metrics

::
of

::::::::
equation

::
10

:::
do

::::::
predict

::::
the

:::::::
duration

:::
of

:::::
stable

:::::::::::
coexistence

::::::
periods

::::
(See

::::::::::::::
supplementary 258

:::::
figure

:::
B1

::
in

:::
the

:::::::::::
"Persistence

::
of

::::::
species

::
in
:::::::::
simulated

:::::::::
ecological

:::::::
system"

:::::::::
appendix).

:
259

Figure 3. Left : empirical
::::::::
Empirical distribution of distances p(z) for a random interaction matrix between

S = 6
::
of

:::::
S = 5

:
species, compared with its analytical approximations

::::::::::::
approximation

:
(equations 9 and 11). The

simplest expression, which constitutes our main result, is the one given in equation 11, shown
:
7
:
in orange

::::
line). On

::
To

::::::
obtain the other hand

::::::::
empirical

::::::::::
distribution, as

::
we

:::::::::
randomly

:::::::
sampled

:::::::::
distances

::
to

:
the number

of species S increases, the approximation based of equation 9, shown in green, becomes more
::::
edge

::
z and

more accurate. Right: comparison the two approximations (equations 9 and 11)
:::::::::
calculated, for 100 randomly

drawn S × S interaction matrices and growth rate vectors (each point is one matrix and one growth rate
vector, so one value of

:::::::
distance

:
z). We chose S between S = 3 and S = 10, with a variety

:::
the

::::::
fraction

::::
p(z)

:
of

connectance values, pairwise interaction strengths, as well as a variety of values for diagonal elements, which
represent different scenarios of self-interaction

:::::::::
coexistence

::::::
states

::::::
closest

::
to

::::
the

::::
edge.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

z

0.0

0.2

0.4

0.6

0.8

1.0

p(
z)

S = 5, D ≈ 1.2, D∗ ≈ 0.8

1− (1− z/D∗)S
√

2/πD∗D

S
√

2/π z/D

empirical

Contextual species contributions to the robustness of coexistence 260

::::::::::::::
Contextual

::::::::::
species

::::::::::::::::::
vulnerability 261

The above analyses of the distribution of distances to the edge of feasibility enable us to characterize the 262

robustness of coexistence of an ecological community. Further, the two distances
:::
We

::::
now

::::
take

:::
the

::::::::
analysis 263

::::::
further

::
to

:::::
show

::::
that

:::
the

::::::::::::
characteristic

:::::::
distance

:
D andD∗ that parameterise this distribution can allow us to 264

describe
::
the

::::::::
incenter

::
r∗::::

(that
::::::::::
determine

:::
the

::::::::::
distribution

::
of

::::::::
distance

::
to

:::
the

:::::
edge

::
of

:::::::::::
coexistence)

:::
can

:::
be

:::::
used 265

::
to

:::::
study the contributions and contextual roles of species . 266

To see this, let us first go back to the derivation ofD∗ which is the distance to the edge of feasibility of the 267

most robust state, i.e. the incenter of the domain. Note that
:
in

:::::::::::
maintaining

:::::::::::
coexistence.

::
To

::::::::::
understand

:::::
why, 268

::
we

::::
can

::::
start

::::
with

:::
the

::::::::
incenter

:::::::::::
components 269

ri
c/D∗

∗ =
∑

j

Aijvw: j (11)

is
:::
and

:::
see

::::
that

::
it

:::
can

:::
be

::::::::::
interpreted a measure of the strength of competition exerted by the community on 270

species i. It represents
:
, the sum of interactions felt by that species, but where each per-capita interaction 271

term Aij is weighted by the partner’s maximal sensitivity to perturbations (the terms vj ). A::::
wj ). ::::

Here
::
a weak 272

interaction with a highly sensitive species (a large vj ) can thus :::
wj ) :::

can contributemore than aweak interaction 273

with a highly stable population (a small vj ::
wj ). If rci /D∗ = 1

::::::
r∗i = 1, the community has a neutral effect, equal 274

to that of the species on its own. If it is less than 1, the community facilitates that species (see Fig. 8). We 275

will use this interpretation in the last section to assess the individual positioning of species in determining the 276

robustness of coexistence (see Fig. 4). 277
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Wenow turn our attention to
:::::::::::::
supplementary

:::::
figure

::::
C1).

:::
On

:::
the

:::::
other

:::::
hand,

:::
the

:::::::
distance

:
D , which describes 278

the shape of feasibility domain near its edges. It consists
::::::::
describes

:::
the

:::::
edges

::
of

:::
the

:::::::::
feasibility

:::::::
domain.

::
It

:::::
reads 279

::
as

:::
the

:::::::
inverse of an average of S elements, one for each speciesi. Those elements relate to the individual 280

vulnerability of each species. Indeed, they
:
: 281

SVi = wi

√
|A⊤A|

|(A⊤A)/i|
Ω/i

Ω
:::::::::::::::::::::

(12)

:::::
Those

::::::
terms determine the distribution of coexistence states for which that each species is within a certain 282

pertubation
::::::::::
perturbation

:
distance from extinction. We can thus use the expression of D to quantify the 283

species vulnerability to perturbation, given coexistence (SCV): 284

(SCVi) = vi

√
|A⊤A|
|A⊤A|/i

Ω/i

Ω

We can thus conduct our analysis of the robustness of coexistence at the species level, rather than solely at 285

the level of the entire community. To understand the role of each species, we can correlate their relative SCVi 286

values with how hostile the community is to the species , as measured by relative rci /D∗ values :::::
Hence,

:::::
they 287

:::::
relate

::
to

:::
the

:::::::::
individual

:::::::::::
vulnerability

::
of

::::
each

:::::::
species.

:
288

:::
We

::::
can

::::::::
combine

:::
the

:::::::::::
species-level

:::::::::
measures

:::
r∗i :::

and
::::
SVi ::

by
:::::::
viewing

:::::
them

:::
as

:::
the

:::::::
species

:::::::::::
coordinates

:::
on 289

:
a
::::
two

:::::::::::
dimensional

::::
map,

:::
in

:::::
other

::::::
words,

:::::::
plotting

:::::
them

:::::::
against

::::
each

::::::
other (see Fig. 4

:
4). Intuitively, the two 290

should be strongly correlated: species that perceive a hostile biotic environment should also be the most 291

vulnerable, and vice versa. But this need not always be so simple. If a species is itself very hostile towards an 292

otherwise relatively favourable community, the coexistence of all species would require this hostile species to 293

be vulnerable , as coexistence would only be possible in abiotic environments unfavourable to it. By contrast, 294

a species to which the community is relatively hostile could nonetheless be relatively robust if its persistence 295

at high enough densities is required for the persistence of other species. Here those various qualitative roles 296

clearly depend on the biotic context. The same species could change roles depending of which community it is 297

part of.
:::
This

::::::
should

::::
lead

::
to

:::
the

:::::::::
definition

::
of

:::::
"two"

::::::::
particular

:::::
roles:

:::
on

:::
the

::::
one

:::::
hand,

:::::::::
vulnerable

::::
and

:::::::::
repressed, 298

:::
and

:::
on

:::
the

:::::
other

::::::
robust

::::
and

:::::::::
facilitated.

:::
The

:::::::
results

:::::::
obtained

:::
by

::::::::
applying

:::
our

:::::::::
measures

::
to

::::::::
empirical

::::
data

::::
(Fig. 299

::
4)

:::::
show

::::
that

:
it
:::::::
doesn’t

::::::
always

:::::
have

::
to

:::
be

::::
this

::::::
simple,

::::
and

::::
that

::
it

::
is

:::::::
possible

:::
to

::::::
define

:::
two

:::::
other

::::::::::
non-trivial 300

:::::::::
qualitative

::::::
"roles".

:
301

Application to data from a grassland experiment 302

Our approach enables us to characterize
:::::::::::
characterizes

:
the robustness of coexistence at two levels: at the 303

scale of the community as a whole, but also at the species scale. Here, we illustrate the insights that this ap- 304

proach can generate for real ecological communities. We revisite
::::::
revisit data from Van Ruijven and Berendse 305

(2009) and its subsequent analysis by Barbier et al. (2021), compiled from long-term studies of plant commu- 306

nities in the experimental gardens of Wageningen University, Netherlands. Here we directly use the results of 307

Barbier et al. (2021), who estimated the interaction strengths between 8 plant species, as well as their carrying 308

capacities. Interations
::::::::::
Interactions

:
refer here to a Lotka-Volterra parametrization that differs from the one 309

that implicitly follows from equation 1.
:
1.
:
Indeed, monocultures where used to infer species’ carrying capaci- 310

tiesKi, and it is those that we consider as proxys ::::::
proxies

:
for the abiotic conditions (and not intrinsic growth 311

rates ri). The relevant interaction matrix, inferred using duo-culture experiments, follows from re-writing the 312

L-V equations as 313

dNi

dt
=

riNi

Ki


Ki −

∑

j

AijNj


 (13)
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In this parametrization, Aij has no dimensions and satisfies Aii ≡ 1. On the basis of pairwise interaction val- 314

ues, we then reconstruct interactionmatrices consisting of 4 species, which have been experimentally realized 315

(Van Ruijven and Berendse, 2009).
::
All

:::
the

::::::::
pairwise

::::::::::
interactions

::::::
values

::::
and

:::::::
carrying

::::::::
capacity

::::::
values

:::::::
derived 316

::::
from

:::::
their

::::
work

::::
are

::::::::
available

::
on

:::::::
Zotero

::::
(See

:::::
Data,

:::::
script,

::::::
code,

:::
and

::::::::::::::
supplementary

::::::::::
information

::::::::::
availability 317

::::::
section

:::::::
below). 318

To show the role of the same species in different communities, we calculated SCVi and rci /D∗ ::
SVi::::

and
:::
r∗i 319

for each species within all four-species communities (See left panel of Fig. 4
:
4). We normalized these values 320

by the mean value within each community to obtain relative species contributions to vulnerability and rela- 321

tive biotic effects on species, as the same species can hold different roles for the robustness of coexistence, 322

depending on the biotic environment. Furthermore, while we unsurprisingly find the same trend as in Fig. 8 323

:::
the

:::::::::::::
supplementary

:::::
figure

:::
C1 (Themajority of points being located in the red and green areas and being either 324

"Highly Competitively Constrained and Vulnerable" or "Less Competitively Constrained and Robust"), we can 325

observe non-trivial cases (blue areas of the figure). In these cases, the biotic interactions affecting the species 326

in question are not sufficient to explain its contribution to vulnerability. 327

The "Less Competitively Constrained yet Vulnerable" points correspond to a casewhere the strong contribution328

of each species to vulnerability comes from its competitive forces applied to
::::
(and

:::
not

::::::::
received

:::
by)

:
other 329

species. Indeed, to achieve coexistence, it must necessarily be of low abundance and therefore vulnerable, 330

so that other species do not suffer too greatly from its presence. The "High Competitively Constrained yet 331

Robust" points correspond to the case where species are useful for the coexistence of others and therefore 332

have a high abundance (and a low contribution to the vulnerability of coexistence) despite higher competitive 333

forces experienced. These non-trivial cases explain why some points in Fig. 8
::::::::::::
supplementary

::::::
figure

::
C1 deviate 334

from the observed correlation.
:::::::
expected

::::::::
relation. 335

Figure 4. Analysis of the robustness of coexistence at the species scales. Each point on the left graph rep-
resents all the individual positions of the 8 species of the dataset within the 35 possible 4-species commu-
nities where they are present. On the x-axis, the relative effect of interactions (biotic environment) is in-
dicated (rci /D∗

::
r∗i:divided by the mean value for all species

:
in

:::
the

:::::::::::
community). On the y-axis, the relative

contribution to the vulnerability of each species is indicated (SCVi ::
SVi, divided by the average on all species

::
of

:::
the

::::::::::
community). This allows us to define 4 notable cases, represented on the graph on the right by the

different colors.

Highly Competitively
Constrained &

Vulnerable

Highly Competitively
Constrained yet

Robust

Less Competitively
Constrained yet

Vulnerable

Less Competitively
Constrained & Robust

Interestingly, the points cluster relatively well by species. This suggests that within the different 4-species 336

communities formed by the 8 selected species, the species tend to maintain a relatively identical biotic role. 337

Note that the abiotic environment in which these species have grown is supposedly the same. This makes 338

ecological sense, as the biotic roles of each species depend on their phenotypic traits, and are therefore fixed 339
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by the biology of each species. For example, Rumex Acetosa L. is predominantly found in the green zone in Fig. 340

4
:
4, suggesting good persistence through low competitive forces. This fits rather well with its characterization 341

as a weed species, present in a wide range of environments and able to coexist and persist within many 342

ecosystems (Korpelainen and Pietiläinen, 2020). 343

Figure 5. Using the empirically inferred interaction matrix between 8 plant species (Barbier et al., 2021) and
their carrying capacities (takingmedian values for simplicity), we assembled all theoretically feasible 4-species
communities (27 out of the 70 different combinations turn out to be feasible). Left: The interaction matrix for
each community defines a curve, and the realized community gives the point on the curve. Large values of
zr (x-axis) implies high robustness (i.e. large distance from the edge of feasibility), whereas large values of
p(zr)means that most communities with similar interactions are less robust(they are close to the incenter of
the feasibility domain). The shape of

:::::
higher

::::
this

:::::
value,

:
the curves encodes

:::::
better

:
the relevant shape and size

attributes of
:::::
match

::::::::
between the feasibility domain

:::::::
realized

:::::::
intrinsic

::::::::::
parameters

::::
and

:::::
biotic

::::::::::
interactions. Right:

once rescaled
::::
how

::::
well

:::::
suited

:::::::::::
interactions

::::
and

:::::::
carrying

:::::::::
capacities

:::
go

:::::::
together

::
is
:::::
more

::::::
clearly

:::::::::
visualised

:
by

:::::::
rescaling

:::::::
realized

:::::::::
distances

::
by

:
the characteristic

::::::::
maximal distanceD∗, .:::::::

Indeed all curves collapse on a single
one ,

:::
and

:::
we

:::
see

::::
that the graph

:::::::::::
communities

::::
span

:::
the

::::::
whole

:::::
range of

::::
p(z),

:::::::
meaning

::::
that

:::::
some

:::
are

:::
as

::::::
robust

::
as

::::
they

:::::
could

:::
be,

:::::
while

::::::
others

:::
are

:::::
much

:::::
more

:::::::::
vulnerable

::::
than

:::::
what

:::::
could

::::
have

:::::
been

:::::::::
expected.

:::
The

:::::::::
analytical

:::::
graph

::
is p(z) = 1− (1− z

D∗
)S
√

2
π (here S = 4). This ,

:::
its

::::::::
accuracy

::
to

::::::
predict

:::
the

::::::
actual

::::
p(z)

::::::
values is due to

the fact that , for those interaction matrices,D∗ ≈ D (see supplementary figure B.7
::
A2).

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40

zr

0.0

0.2

0.4

0.6

0.8

1.0

p(
z r

)

0.0 0.2 0.4 0.6 0.8 1.0

zr/D∗

0.0

0.2

0.4

0.6

0.8

1.0

p(
z r

)

y = 1− (1− x)S
√

2/π

In addition, since
:::::
Since the abiotic environment was assumed to be the same in

::::::
across the experiment, 344

we can characterize it and determine whether the particular realization of a community is subject to a match 345

between interactions favoring the robustness of coexistenceand anenvironment favorable to this same robustness
::::
now346

:::::::::
determine

::::
how

:::
well

::
or

::
ill

::::::
suited

:
it
::::
was

::
to

::::::::
particular

::::::
species

::::::::::::
combinations

:::
(in

:::::
terms

::
of

::::::::
favouring

::::::
robust

:::::::::::
coexistence).347

Indeed, using the carrying capacities determined during the experiments, we can precisely determine zr , the 348

minimal distance to the edge of the realized community, and p(zr) ::::
p(zr), the proportion of points within this 349

distance. This allows us to place all the communities on the z/D
:::::
z/D∗ and p(z) curve (see Fig. 5:

5). If p(zr) = 1 350

for a community
::::::::
p(zr) ≈ 1, it means that in this environment, the realized community has

:::
had themost advan- 351

tageous combination of biotic interactions (interaction matrix A) and intrinsic species parameters (carrying 352

capacityK), in terms of robustness of coexistence. If p(zr)is low for a certain community, it means that this 353

environment has led to a kind of mismatch between species interactions and species growth rates, which 354

therefore induces a low robustness of coexistence
::::::
making

:::::::::::
coexistence

::
far

::::
less

::::::
robust

::::
than

:::::
what

:
it
:::::
could

:::::
have 355

:::::
been,

:::::
given

:::
the

:::
set

::
of

:::::::
species

:::
and

:::::
their

::::::::::
interactions. 356

Discussion 357

For a given community of species, we focused on the function p : z 7→ p(z) that
::
on

:::::::::
interacting

:::::::
species,

::::
the 358

:::::::
function

::::::
z 7→ pmaps a value of environmental perturbation intensity z to the fraction

:
p of coexistence states 359

12



from which coexistence can be lost following such perturbations. As it turns out,
::
We

:::::::
showed

:::::
here

::::
that p(z) 360

is a rich object to study the robustness of species coexistence, and how biotic interactions affect it, while not 361

reducing robustness to a single number. 362

In Lotka-Volterra models, the function p : z 7→ p(z)
::::
p(z)

::::::::
precisely characterizes the shape of the feasibility 363

domain– ,
::::::
which

::
is the set of growth rate vectors that allow stable coexistence between all species. Indeed 364

, for a given feasibility domain, p(z) = P(dist ≤ z)
:::::::::::::
p(z) = P(d ≤ z)

:
determines the distribution of distances 365

to its edges
:::
the

:::::
edge

::
of

::::::::::
coexistence

:
(see Fig. 3). For

::
3),

:::::
where

:::
for

:
a given coexistence state, the distance to 366

an edge corresponds to the state’s "robustness" or "full resistance", as defined by lepori_robustness_2022 367

:::::
Lepori

::
et

:::
al.

::::::
(2024) and Medeiros et al. (2021). Any coexistence state is associated to a distance z to the edge 368

of feasibility. The larger this distance, the more robust the state. The value of p(z) tells us if this robustness 369

is particularly high or low, given the set of biotic interactions. If p(z) is close to 0 we can say that, in terms of 370

maintaining coexistence, the set of species growth rates is not well aligned with the set of biotic interactions. 371

We showed that
:::
the

::::::::
function p(z) is fully parameterized by

::::::
species

:::::::
richness

::
S
::::
and

:
two characteristic dis- 372

tances D and D∗defined so that they are
:
,
::::
both

:
equal to 1 in the absence of interactions, as well as species 373

richness S: .
:::::
More

::::::::
precisely

:
374

p(z) = 1− (1− z

D∗
)S
√

2
π

D∗
D

D∗ is the maximal distance , the
:::::
within

:::
the

:::::::::
feasibility

::::::
domain

::::
and

::::
thus

::::::::::
represents

:::
the robustness of the most 375

robust state, so
::
r∗,

:::::
such

:
that p(z = D∗) = 1. We derived a remarkably simple formula (see equation 8) 376

::::::::::
remarkably

::::::
simple

::::::::
formulas

:
for D∗ :::

and
:::
r∗

::::
(See

:::
Eq.

::
9
::::
and

:::
11

::::
and

::::::::::::
mathematical

:::::::::
appendix), based on the 377

interaction matrix and its inverse. Unpacking the expression forD∗ also ::
r∗ allowed us to give a species-level 378

characterization that can be interpreted as measuring the effective amount of competition that any given 379

species feels, where its interactions are weighted by the sensitivities of its interacting partners. 380

The other important distance,D, once divided byS, determines the behaviour of p(z) at small perturbation 381

intensity values, thus
::
in

:::
the

:::::
sense

::::
that

:::::::::::::
p(z) ≈ S

√
2
π

z
D:
describing the edges of feasibility, which take up most 382

of its volume if S is large. This last remark is only a geometrical way of saying that for many interacting species 383

, in the absence of prior knowledge of abiotic conditions, there is a high chance that at least one of those 384

species is close to extinction. 1
:
.
::::
The

::::
ratio

::::
S/D

::::
can

::
be

:::::
used

::
to

::::::::::
understand

::::
how

:::::
many

:::::::
species

:::
can

:::
be

::::::::
grouped 385

:::::::
together

:::::
while

::::::::::
maintaining

::
a
::::
high

::::::::::
percentage

::
of

::::::
robust

::::::
states.

:::::
More

::::::::
precisely,

::
if

:::
we

::::
want

::
to

:::::::::
guarantee

::::
that

::
a 386

:::::::::
proportion

::
p

::
of

::::::::::
coexistence

:::::
states

::
is

::::::
robust

::
to

::::::::::::
perturbations

::
of

:::::::
intensity

::
ϵ,
::::
then

::::::::::
maximizing

::::::::
diversity

::::::::
amounts 387

::
to

::::::
solving

:
388

max{S | S

D
≤

√
π/2

p

ϵ
}

::::::::::::::::::::

:::::
whose

::::::::
solution

:::
will

::::
take

:::
the

:::::
form

::
of

::::::::::::::::
S =

√
π/2p

ϵ ×D,
::
so

:::::::::::
proportional

::
to

:::
D. 389

The expression for D (see equation 10) is less simple than the one for D∗, but can also be used to give 390

a
:::::::::::::
complementary species-level characterization of coexistence. Indeed, as in

::
In

::::
line

::::
with Allen-Perkins et al. 391

(2023), we can decompose D to measure the robustness of each species persistence conditioned on over- 392

all coexistence. This interpretation, together with the one relating D∗ ::
r∗ to effective competition pressure, 393

can be used to reveal the contextual roles of species in maintaining coexistence. The biotic context created 394

within a coexisting community can be favorable or unfavorable to individual species through the balance of 395

interactions they receive and emit and how hostile they are to others (See different panels of Fig. 4). 396

We insist that it is remarkable that only two values computed from the set of biotic interactions are enough 397

information to fully characterize the distribution of distances of the feasibility domain, as the latter gives a 398

complete andmultidimensional description of
::
4).

::
It
::
is

:::::::::
interesting

::
to

::::
note

::::
that the

::::::
species

:::::::
present

::
in

:::
the

:::::::
dataset 399

::::
used

::
in

:::
the

::::::
study

:::::
seem

::
to

:::::
retain

::::::::
relatively

::::
the

:::::
same

::::
role

:::::::::
regardless

::
of

::::::::::
community

:::::::::::
composition.

::
It
::::::
would

:::
be 400

:::::::::
interesting

::
to

:::::::
extend

:::
this

:::::::
analysis

:::
to

:::::
larger

::::::::
datasets

::
to

:::::
study

:::
the

::::::::::
consistency

:::
of

::::::
species

:::::
roles

::
in

:::::::::::
maintaining 401

1
::
This

:::
last

:::::
remark

::
is
:::
only

:
a
:::::::::
geometrical

:::
way

::
of

::::
saying

:::
that

:::
for

::::
many

::::::::
interacting

:::::
species,

::
in

:::
the

::::::
absence

:
of
::::
prior

::::::::
knowledge

::
of

:::::
abiotic

:::::::
conditions,

::::
there

::
is

:
a
:::
high

:::::
chance

:::
that

::
at

::::
least

:::
one

:
of
::::
those

::::::
species

:
is
::::
close

::
to

:::::::
extinction.
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::::::
robust

::::::::::
coexistence.

::
If
:::
we

::::::::
consider

:::
the

:::::::::::
contribution

::
to

:::
the

:::::::::::::::
community-scale robustness of coexistence under 402

press perturbations.
:
as

::
a
:::::::
function

::::::::
rendered

:::
by

:
a
:::::::
species

::::::
within

:::
the

::::::::::
community,

::
it

:
is
:::::
likely

::::
that

::::::
certain

:::::::
species 403

::::::::::
correspond

::
to

::::
"key

:::::::
species"

::::::::::::::::::::::::::::::::::::::::::::::
(Power et al., 1996; Whittaker and Cottee-Jones, 2012).

:
404

Broadly speaking, our theory highlights a negative effect, amplified by species richness, of the intensity of 405

the interaction forces and the sensitivity of the species on the robustness of coexistence. Figure 4 and 8
:
4 406

:::
and

:::::::::::::
supplementary

::::::
figure

:::
C1 also show the relationship between strong inter-specific competition faced by 407

species and their contribution to the vulnerability of coexistence. These results are consistent with the existing 408

literature on the effect of interactions on community coexistence or stability under environmental perturba- 409

tions (Barabás et al., 2016; Chesson, 2000; Hale et al., 2020; Mccann et al., 1998; Vallina and Le Quéré, 2011). 410

The fact that features of the inverse interactionmatrix are present in bothD andD∗ highlights the importance 411

of network structure, as the inverse matrix encodes net effects between species, via all indirect interaction 412

pathways. For the same overall mean interaction strength, net effects can be very different depending on the 413

way the matrix A is organized. This is consistent with previous research on the effect of network structure 414

on coexistence (especially in cases with more than two species) as on other stability notions (Barabás et al., 415

2016; Cenci, Song, et al., 2018; Lurgi et al., 2016; Serván et al., 2018). This leads to our major
::
an

:::::::::
important eco- 416

logical conclusion: vulnerability to extinction depends on how a species is affected by others through direct 417

interactions, combined with the sensitivities of those species (how they amplify environmental change). Here 418

sensitivity is a potentially collective notion that arises from indirect interactions between species, and is thus 419

sensitive to the interaction structure. 420

Unlike previous measures
::
As

::
in

:::::::
previous

:::::::
studies

:
of asymmetry of the feasibility domain(See Appendix S7 421

of Grilli et al. (2017) and Saavedra et al. (2017) and later Tabi et al. (2020) and Allen-Perkins et al. (2023)), we 422

included thenotion of disturbance in themathematical definition of z (see equations 5 and6). It is this step that 423

subsequently allows us to dispense with a purely geometric analysis of the feasibility domain, and instead use 424

standard objects of the Lotka-Volterra model (the matrixA and its inverse, which commonly occur in stability 425

analysis). However, ,
:
our theory strongly depends on the way environmental disturbances are modeled 426

:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
(Allen-Perkins et al., 2023; Cenci, Montero-Castaño, et al., 2018; De Laender et al., 2023; Lepori et al., 2024). This427

highlights the importance of taking into account the type of disturbance when studying the stability of a com- 428

munity (Arnoldi, Bideault, et al., 2018; Arnoldi, Loreau, et al., 2019; Bender et al., 1984) and suggests that dif- 429

ferent results could be obtained by considering other types of disturbance (ie. that vary through time, and/or 430

scale with species standing biomass). Deepening our theory to account for more general types of disturbance 431

could be an interesting direction. 432

It should be made clear that we did not directly test the relevance of our function p 7→ p(z) to predict 433

actual species persistence under real environmental perturbations. To do so, we would need to compare 434

these metrics on experimental datasets highlighting the persistence of species over time. This is precisely 435

what Allen-Perkins et al. (2023) have done, and their "Asymmetry index" bares many similarities with our 436

analysis (use of the incenter position, species-level contributions to coexistence). Their results show a good 437

match between the species’ actual persistence over time and the predictions made based on their indexes. 438

Also, their recent measurement seems far less sensitive than others with small feasibility domains and large 439

community sizes, and is therefore far more practical to use. We can see our analysis as an extension of theirs, 440

and the results of their data analysis are a good indication that this extension relies on solid foundations, both 441

theoretically and empirically, to study species coexistence and persistence. 442

Coexistence is defined as the maintenance of positive abundance of all species in a community. No at- 443

tention is paid to total biomass, ecosystem functions, turnover, or processes at the meta-community level. 444

Our results should therefore not be interpreted as evidence of a negative effect of biodiversity on stability 445

in the sense of maintaining biomass or ecological function over time (Loreau and Mazancourt, 2013), nor on 446

the resistance or resilience of the the community (Arnoldi, Loreau, et al., 2016; Kéfi et al., 2019). It simply 447

highlights the difficulty for complex interaction networks to generate communities that can tolerate environ- 448

mental disturbances without losing any species. This vision of a fixed community and coexistence seen as 449
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the absolute persistence of all species over time is, however, limiting
::::::
clearly

::::::
limited

:
and open to criticism. It 450

would be interesting to develop approaches that include possible turnover or variations in the species pool 451

::::::
species

:::::::::::
interactions over time. 452

Another caveat is the supposed independence between biotic and abiotic parameters. This unrealistic as- 453

sumption means that a change in abiotic environmental conditions (disruption of growth rates or carrying 454

capacity) should not change biotic interactions. This assumption is necessary to define the feasibility domain 455

(Saavedra et al., 2017). However, the empirical applications we present (determination of the biotic role of 456

different species within several communities; quantification of the adequation between a given abiotic envi- 457

ronment and a certain biotic assemblage) illustrate how to overcome this issue. Indeed, in the experimental 458

data, the abiotic environment is the same for each community studied and is not subject to change. 459

Overall, this study provides an understanding of the link between the conditions under which communi- 460

ties coexist and the robustness of this coexistence. On the one hand, the analytical results provide a clear 461

explanation of the relationships between the various mathematical elements involved in feasibility domain 462

analysis. On the other hand, they enable us to link the interpretations made specifically through the analysis 463

of the notion of feasibility domain to more general notions of community ecology. In doing so, we have linked 464

different measures of stability and placed the robustness of coexistence within the multidimensional concept 465

of ecological stability (Donohue et al., 2016; Radchuk et al., 2019). 466
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Appendices 485

0.1 Relation between Ω,D andD∗ 486

In this study, we highlight the importance of taking into account the shape of the feasibility domain and its 487

size to characterize the robustness of coexistence induced by species interactions. Two different measures, 488

therefore, emerge: Ω, a proxy for the probability of coexistence, and D (or D∗), a proxy for the robustness 489

of coexistence. However, these are not independent. Fig. 6 shows the relationship between the two values. 490

Relation betweenD and Ω2/S for random matrices of size S x S. IfD controls the distribution of distance to 491

the edge of feasibility, Ω corresponds to a relative volume of the feasibility domain. The two notions are not 492

equivalent, but still are closely related, which is seen here by comparing D to Ω2/S . 493

Interestingly,D andD∗ are also very closely related. This is somewhat visible in their respective expressions, 494

and confirmed numerically (see Fig. 6). This a useful thing to note because D∗ is much simpler to compute, 495

interpret, and manipulate than D, although it is the latter that is expected to driver of the major part of the 496

function p(ẑ), at least when considering species-rich communities. 497

Correlation between robustness of coexistence D and characteristic distance D∗. Left panel shows this 498

correlation for randomly generated matrices of variable size (S between 3 and 11). The right panel shows this 499

correlation for matrices from real communities (S=4), based on the Barbier et al. (2021) dataset (see section 500

"Application to data from grassland experiment"). The diagonal blue line corresponds to the x=y line in both 501

cases. Note that D and D* are indeed closely related, for random matrices as for empirical matrices. 502

0.1 Role of absolute interaction strenght in contribution to vulnerability 503

Although in the article we used the SCVi and ri/D∗measures relative to their average in the community, 504

it is also possible to use and compare them in absolute terms. By doing this, a strong correlation between 505

these two values can be observed (Fig. 8). This suggests that species that are constrained by others (through 506

competition, highlighted in red in Fig. 8) are generally the ones that contribute significantly to the overall 507

vulnerability of coexistence. Conversely, species that tend to benefit fromothers (through facilitation, highlighted 508

in green in Fig. 8) are those that contribute less to the vulnerability of the coexistence of the community. 509

Correlation between the contribution to the vulnerability of each species within a community (SCVi) and 510

the effect of the biotic environment (interaction between species) on each (rci /D∗). Each point represents 511

one species within a community of 10 species (500 points in total). The contribution to the vulnerability of 512

each species is calculated on the basis of equation 11. The vertical dot line corresponds to x=1, the qualitative 513

threshold of the biotic effect on species. If this value is less than 1 (green box on the figure), this implies that 514

the biotic environment is overall favorable (facilitating) to the concerned species. If upper than 1 (red box on 515

the figure), it implies that the biotic environment is overall unfavorable through competition subjected to the 516

species. Spearman rank correlation = 0.67 ; associated p-value : 2.5e−68
517
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