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Abstract

effﬁwreﬁmeﬁ%akpefmﬂaaﬁeﬁs—%f In Lotka-Volterra community models, given a set of biotic interac-
tions, recent approaches characterized,—and-apptied have analysed the probability of finding at-set-of
species-intrinsicfeatures{e.g—intrinsic growth—rates) a set of species intrinsic growth rates (representing
|ntraspeC|ﬂc demographlc features) that will allow coexistence. Hereweﬂskﬂﬁstead—ﬁspeaes—de—eeeﬁs%

have been used to quantify the fragility of coexistence in the face of variations in those intrinsic growth

rates (representing environmental perturbations), thus probing a notion of ‘distance’ to the edge of co-
existence of the community. Here, for any set of interacting species, we derive an analytical expression
for the whole distribution of distances to the edge of their coexistence. Remarkably, this distribution is
entirely driven by (at most) two characteristic distances that can be directly computed from the matrix
of species interactions. We illustrate on data from experimental plant communities that our results
offer new ways to study the contextual role of species in maintaining coexistence, and allow us to
quantify the extent to which intraspecific features and biotic interactions combine favorably (making

coexistence more robust than expected), or unfavourably (making coexistence less robust than expected).

Our work synthesizes different study of coexistence and proposes new, easily calculable metrics to enrich
research on community persistence in the face of environmental disturbances.

Keywords: Generalized Lotka-Volterra models; Community ecology; Perturbations; Feasibility domain; Per-
sistence.
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Introduction

Understanding why and how species coexist is a central question in community ecology (Armstrong and
McGehee, 1976; Chesson, 2000; Hastings, 1980; Hutchinson, 1961). Many studies have focused on what
makes coexistence possible, and in particular on the role of the network of interactions between species
(Abrams, 1984; Abrams et al., 2003; Brose et al., 2006; Otto et al., 2007; Williams, 2008). In the context of
Lotka-Volterra models (the simplest mathematical representations of the population dynamics of interacting
species), to quantify the role played by biotic interactions in species coexistence, a recent and growing body of
theoretical work proposes to study the volume of a community’s so called 'feasibility domain’ (Rohr, Saavedra,
and Bascompte, 2014; Rohr, Saavedra, Peralta, et al., 2016; Saavedra et al., 2017; Song, Rohr, et al., 2018).
Given the set of biotic interactions between species, this feasibility domain is defined as the range of species
intrinsic features (thought to reflect abiotic conditions that do not depend on the presence of the other species
considered, such as intrinsic growth rates or carrying capacities) that allow species to coexist (Fig. +1). The idea
here is that the larger this domain, the more likely a community is to withstand environmental disturbances
while maintaining coexistence (Bartomeus et al., 2021; Song, Altermatt, et al., 2018).

However, the fact that a large set of conditions allows coexistence does not necessarily mean that coexis-
tence is robust to environmental change. Fhis-can-be-visuatized-geometricalty—a-A thin elongated feasibility
domain could have a large volume, yet only contain fragile coexistence states, vulnerable to small changes
in abiotic conditions. This observation reflects the tenuous distinction between two seemingly equivalent
questions: "how likely will species coexist?", whose answer, in L-V models, corresponds to the size of the
feasibility domain, and "If species do coexist, how fragile will this coexistence be?". This difference between
raw and conditional probabllltles of coexistence has led to the emergence of shape metrics of feasibility do-

fhefebu%tﬁes%e#eeeﬁsteﬁee%&emwemeﬁ%a%pemwbaﬁeﬁs—mllen Perkins et aI 2023; Grilli et al., 2017;
Saavedra et al., 2017),
We-withn line with these recent approaches, the aim of our study is to expand on the study of feasibility

environmental disturbances, and the shape and size of a feasibility domain. To do so, we model ecologi-
cal perturbations as long term changes of species intrinsic features (such as their growth rates or carrying

capacities) and derivedefine, for any realized coexistence state, a notion of distance to the edge of feasibitity:
coexistence. This distance is the minimal environmental perturbation intensity z able to lead at least one
species to extinction. Our goal is to determine, amongst all coexistence states, the proportion p(z) that lie
within distance z from the edge of feasibility. For a given feasibility domain, this function z — p(z) describes
the distribution of distances to its edges, thus characterizing both the size and shape of the domain. If the
function p(z) rapidly grews-tewardsZt-reaches 1 as z grows this means that coexistence is typically fragile. i
fact-The (cumulative) function p(z) altewsguantifying-quantifies the interrelation between intrinsicfeatures
of species-species growth rates and their interactions. +For instance, if in a given state, p(z) is close to 1, this

means that in this environment, species-intrinsicfeatures-and-the set of species intrinsic growth rates and
the set of their biotic interactions combine favourably. Our mathematical analysis aims-to-fird-will reveal the

essential features of the function p(z) that can be directly computed from the matrix of biotic interactions.

We-thern-As we hinted above, our the description of the distribution of distances to the edge of coexistence,
is in line with recent work by Allen-Perkins et al. (2023). Using a similar logic to study the asymmetry of the
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We apply our methods to eata-simulated ecological communities, either drawing parameters at random.
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See appendix B) or inferring them from experimental plant community experiments {VanRuijven-and-Berendse(2009)

TFhis-(Van Ruijven and Berendse, 2009). The results (in line with Allen-Perkins et al. (2023)) confirm the link
between the coexistence measures we derive from our work and the actual persistence of species through

time in a changing environment. Applied to experimental plant community data, our analysis reveals the role
played by the various plant species in maintaining coexistence, which we relate to the degree of facilitation or

competition experienced by eachspecies. We also quantify the adequacy, in terms of coexistence, between bi-
otic and abiotic conditions in those plant communities. Fhe-geathere-iste-rake-Our work constitutes a proof
of concept, demonstrating a theoretical method for future experiments aimed at characterizing a particular
type of environment and how well it matches a particular assemblage of species in terms of maintaining co-

existence. Bverall—considerine-theeaseef computation-ofourme and-the-severalnovelappheationtha

Figure 1. The feasibility domain D¢ (A) (in light red on the left) is defined as the subset of growth rate direc-
tions that, given a pair-wise interaction matrix A, allows coexistence between all species. It is the intersection
of the sphere with the image in r-space (via the matrix A) of the positive quadrant in N-space (shown on the
right). The shape and volume of the feasibility domain corresponds to the shape and volume of the light red
surface on the left. The probability of feasibility 2{D+)-P(r € Dy) is the ratio between the volume of D and
the volume of the unit sphere.

r2A '\

AN M AN = AT
Dy(A) vy

The feasibility domain

Consider a community of S species. Let N; define the abundance of species ¢ and r; its intrinsic growth
rate (which could be negative if the species cannot establish on its own), which encodes the effect of the
environment on the ability of the species to grow if it were alone (Coulson et al., 2017; Levins, 1968; Meszéna
et al., 2006; Roughgarden, 1975). The central object of study of feasibility is the matrix A = (A;;) of pairwise
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biotic interactions between all S species in the community. A;; encodes how a change in the abundance of s
species j, impacts the growth of species 7. This can represent competition or facilitation depending on the o
sign of A;;. The diagonal terms A;; represent intraspecific competition, and will be assumed non-zero in our 100
analysis. The generalized Lotka-Volterra (L-V) model (Volterra, 1926) prescribes the population dynamics of 11
all species as: 102

S
dN; .
W:Nl ri — -i Aiij forz:l,...,S ()

A growth rate vector r = (r;) is 'feasible’ if the fixed point N*(r) = A~1r of the above model is strictly positive, 103

meaning that N*(r); > 0 for all i. To censiderthefeasibility-domain-we-artificially-guarantee the coexistence 10
when the feasible equilibrium point is reached, we impose global stability of the system (Deng et al., 2022) b 105

considering only D-stable interaction matrices (Grilli et al., 2017). To define the feasibility domain one has to

106

assume that variations in growth rates are the result of a variation in abiotic conditions impacting the ability 107
of species to grow on their own, but not their interactions (but see discussion). This abstraction leads to a 10
definition of the feasibility domain associated with the interaction matrix A (Rohr, Saavedra, and Bascompte, 10
2014): the set of growth rate vectors D (A) such that the equilibrium abundances are nen-zerenon-zero. o
However, in the L-V model, multiplying all growth rates by a constant does not change coexistence. Thus the
feasibility domain has to be defined as a set of directions, isomorphic to a solid angle in the r-vector space 12
(Ribando, 2006; Saavedra et al., 2017; Song, Rohr, et al., 2018), so a convex subset of the sphere (Fig. +1): 13

Dy(A) = {r/||r|| | such that N* = A~'ris strictly positive} ()

We can also think of the relative volume of the domain as the probability P(r € D) of randomly drawing s
growth rates r which lead to positive abundances (Grilli et al., 2017). The random sampling must be though of s
as uniform in the space of growth rate directions. Importantly, drawing each species’ growth rate r; indepen- 16
dently from a standard Gaussian distribution yields such a uniform sampling of growth rate directions. This 7
remark, followed by the linear change of variables A=! : r —+ N then leads to the following formulaferthe s

relative-volume-of-the-feasibility-domain-: 119
1 ‘ 2 g A 2
PR(reD) = —— [ ot = A [ e sy 3)
V2r JreDg V2m —
P{Dy)-is-thus-The probability P(r € D) can therefore be computed as the cumulative distribution, reted 12
Prra{f)evaluated at(), of amuiti

distribution whose covariance matrix is determined by the interaction matrix A (this covariance matrix is

(AT A)~1). In the absence of interactions P{P}=2="P(r € D;) = 2~°. To focus on the effect of interac- 1

tions it is thus convenient to define a ratio of probabilities Saavedra-etal{2017)}(Saavedra et al., 2017): 124
Q(ATA) =29 0,47, (0)P(r € Dy) (4

Within-thisfermalism;—() corresponds to the effect of species interactions on the probability of coexistence 1
and is equal to 1 in the non-interaction case. 126

127

128

129

demaﬁ?—IFH&depeﬁd&ewhewéesH&These are well known results, and since their first |ntroduct|on to 130
\%ﬂmm%ﬁ
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to the probability that a given perturbation will push some species to extinction. Our goal in the next section
is to provide such a connection.

Bistribution-of di trom the-edge i tard-triangl
Distribution of distances from the edge of a triangle

If the community is made of three species (S = 3) , the feasibility domain corresponds to a solid angle,
which-defines-a triangle drawn on a sphere (see Fig. +1). We thus start with a simplified analysis of regular
triangles. This analogy allows us to gradually introduce the logic behind our geometrical approach (see Fig.
22). In this detour into simple trigonometry, which may seem removed from the initial ecological question, we
will create a shape metric capable of encapsulating all the subtleties of shape differences between triangles
(see Fig. 22).

Figure 2. Left: Triangles are parameterized by their baset-heighth;-area A and perimeter 2P. Theirarea-is
A-="ht/2-and-we-We are interested in the fraction p(z) of points that lie within a distance z from an edge.

We can show that p{z)=+—(1+——=/P>whichp(z) is fully parameterized by P+=24/PD, = 2A/P, the

radius of the inscribed disc, whose center is equidistant to all edges of the triangle. Right: at a fixed area A4.A,
D, grows as triangles appreach-an-become equilateraltri AR

Z

0 D.1) DT

The probability of a point to be at a distance greater than z from one of the triangle’s edges corresponds
to the relative area of the inscribed triangle whose own edges are exactly at a distance z from the boundaries
of the original one (see the left panel of Fig. 22). Knowing A.4, the area of the original triangle, and A"A’, the

area of the inscribed triangle, the proportion p(z) of points that lie within a distance z from an edge is thus
(=) A-A A-A
ptr)=—7 Q(VZW H-P-is-the-perimeter-of- the-originaltriangleitisan-easylt is an entertaining

exercise to show that )
V4
=1—-(1——
p(2) < D*>

tr-this-expression;-showing that p(z) is fully parameterized by the-rumber-Ds=24/Fa single number D,,
which is the radius of the Iargest disc contained in the tr|angle (wefaﬂ—veﬁfy%ha%mgeeq])( «) = 1). Atfixed

show that D* = 2A P where Pis the erimeter of the original triangle. For a fixed area A, D, is maximal for

equilateral triangles ~whichforafixedperimetermaximize-thearea(right panel of Fig. 2). This single distance
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measure D, therefore allows us to quant|tat|vely express differencesin shape and size between tr|angles and
quantify, via the function p(z) Wit .
p{z)>-05thispointisfurtherfrom-the-edges-thanmest-which encodes the whole distribution of distances

to the triangle’s edges.
In the next i

section we will generalize this geometrical ideas to feasibility domains, that are not simple trlangles and can
be of any dimension (i.e. any number of species). The aim is now to derive a similar function licable

to ecological systems (L-V models).

p bation.i : " he edge of feasibili

Distribution of distances from the edge of a feasibility domain

ngﬁm enwronmental conditions that
occurs on a long-time scale -medeled-as-a-variation-dr=-(r;)-(so that a new equilibrium can be reached).
memmwwmm r of speC|es intrinsic growth rates —a+-V

' #-(i.e._ whose components are the

species-level variations dr;). Using the euclidean norm of vectors || - || we then measure the relative intensit

of this perturbation as (we will see why below

(r + (ST) ( )W = Z(A_l)ijé’l“j :1)(7:), 57‘\/§||||6:|||| (5)
P A

extinetton—of-For any point r in a feasibility domain (so a feasible rowth rate vector), we can measure its

distance from the edge of the domain as the minimal perturbation intensity capable of leading at least one
species —Fhis-impties that Hu(6r)Hs-equatto-N-—forseme-to extinction. In the appendix we show that this
distance can be directly computed as

V'S Ny(r)

[Ir|l_wi

d = min{intensity; such that N;(r + dr) = 0 for somei} = mln (6)

\/ OO0 )ao O€at d O V/ tuSa oto Same a O

in the last term, for an speaes z#h&mnmkdﬁ%u%ﬁﬁﬁﬂtefw&he w; is the euclidean norm of the

eﬁmmthe demam—ar%el%s—ésfaﬁeek inverse interaction matrix, which encodes that species
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sensitivity to environmental its maximal sensitivity (thus w? = S .(A"1)2). 1

Our main result, illustrated in Fig. 3, is a simple formula for the distribution of such distances, in the form 19

of a cumulative function p(z) = P(d < 2), which mimics the one given in the previous section for standard 1o

triangles, and is entirely parameterized by two characteristic distances and species richness S: 108

199

associated with its incenter 77, also the most robust state of coexistence given the set of biotic interactions. o
is the vector of maximal sensitivitiess—=—({lv' 1} wegetthat- 203

r“ =D, x Av

As for standard triangles, D,

204

sensitivities (i.e. whose components are the species-level values w;), then 208

v — Awand D. = V2 ®)
[[Aw]]

tr-One can check that in the absence of interactions, and thus when A is diagonal, we have D, = 1 —This s

is-whatjustifies—(this is a_consequence of our choice of growth—rate-normatization—Ferregular-triangles; 2
fms—ma*tma%%taﬂeewas—me%m%%ete%#normahsatlon of perturbation intensity). The formula for 20
distribution of distances differs from the one for triangles in that the function-p(=)-that-describes-the 2
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5
/ o 2 l ) ‘ATA| Q/i
p'(0)=2S5 X S;w 7|(ATA)/Z»| O

trthisexpressionamatrixBrrisonrewherethesthwith X ,; notation meaning for any matrix X, the correspondi

w&vwa%lwwwttm—ﬁbrowand column =25 '

.and §); is essentially the reseated-relative volume of the = »u

feasibility domain +H—Ehe73bseﬁeeﬁ#for the community without species ¢ —Fhisteadsusto-define- 23
R 5 IATA| Q)
N @;“Z [ATAl,; ©
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240

S d D+ dee pheithy-depend-on 2 2 : 241
deeays—FapmteHy{but see the appendix for a more precise expression and derivation). The initial slope of 22

Wmmm
see that this slope explicitly grows with species richness. The latter behavior occurs because when there are  2u
many species present, it is ever more likely that one of them is close to local extinction. This diversity effect s
will tend to take a dominant part in shaping the function p(z). Geometrically speaking, this effect comes s
from the fact that in high dimensions, even very thin neighbourhoods of the edge of a closed object will 2
cover a dominant fraction of the overall volume of that object’—, The expression for D and D, clearly differ. s
majority of random interactions matrices that we generated, and even more so when considering empirically 2
inferred matrices (See supplementary figure A2). Finally, we can connect the characteristic distances D, and 2
D with the relative volume of the domain €2 (from the first section). In supplementary figure Al and in the

mathematical appendix we explain why we may expect that, roughly speakin 253
D.~Dx0% (10)

This approximate relationship, which must be understood as an equivalence of orders of magnitudes and 2
not of precise values, taken together with equation 7 connects the size of the domain to its shape, and to 25
the probability that a given perturbation can push species to extinction. In the appendices we expand on the s




latter point by considering randomly changing environments trough time. We show in simulations that the
equivalent metrics of equation 10 do predict the duration of stable coexistence periods (See supplementar
figure B1 in the "Persistence of species in simulated ecological system" appendix).

Figure 3. teft-—empirical-Empirical distribution of distances p(z) for a random interaction matrix between
S—=-+6-0f § = 5 species, compared with its analytical appreximatiens-approximation (eguationsS9-and-+H—Fhe
stmplest-expressien—which-constitutes-our-main-resultis-the-enegivenin-equation ++-shoewn-7 in orange
line). ©A-To obtain the WM a“rvmwwhe Aumber

6 W : -edge z and
calculated calculated, for +06-randomty
each pefﬁH&eﬁe—ma%Hﬁﬁd%eﬁethFa{e

O pecie A eases,theappro imation ba d-of equation

veetor-so-one-value-of-distance z)- = wrfhﬂ—vaﬁetybtmgj@g%)vof

coexistence states closest to the edge
S=5D=~12 D, ~08

Afr‘j 1.0 1 y
H 4
H /
E ’
D¢(A) : " !
f : ’
4
/
/
061 K
N 4
N~ /
X /
0.4 /
/5 Dy
/ — 1—(1-—2/D,)SV¥"3
0.2 4 ---- S\/2/mz/D
empirical
r S ’ 0.0 0.1 02 0.3 ruz 05 0.6 0.7 0.8

Contextual species vulnerabilit

The above analyses of the distribution of distances to the edge of feasibility enable us to characterize the
robustness of coexistence of an ecological community. Furtherthe-two-distances-We now take the analysis
further to show that the characteristic distance D and Ds-that-parameterise-this-distribution-can-altew uste

deseribe-the incenter r, (that determine the distribution of distance to the edge of coexistence) can be used
to study the contributions and contextual roles of species —

mes%%ebus%s%a{eﬂe—%hﬁﬁeeﬁte%f—thedemaﬂ—i\tefﬁhaﬂn maintaining coexistence. To understand why,
we can start with the incenter components

/D =" Ajjow; (1
J

is-and see that it can be interpreted a measure of the strength of competition exerted by the community on
species i—ttrepresents,_the sum of interactions felt by that species, but where each per-capita interaction
term A;; is weighted by the partner’s maximal sensitivity to perturbations (the terms v;)-A-w;). Here a weak
interaction with a highly sensitive species (a large v;)-€anthusw;) can contribute more than a weak interaction
with a highly stable population (a small v;w;). If #5/Ps—+r; = 1, the community has a neutral effect, equal
to that of the species on its own. If it is less than 1, the community facilitates that species (see Fig—8)—We
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We-newtara-ourattentionto-supplementary figure C1). On the other hand, the distance D -which-deseribes
toih i i ists-describes the edges of the feasibility domain. It reads
as the inverse of an average of S elements, one for each speciesi—Fthese-etementsrelate-to-the-individuat

|ATAl Q
[(ATA) ;| Q

SVi = w; (1 2)

Those terms determine the distribution of coexistence states for which that each-species is within a certain
pertubation-perturbation _distance from extinction.

(5CV;) = vy |AAAL Y
VTN ATAlL @

r

relate to the individual vulnerability of each species.

We can combine the species-level measures ¥ and SV, by viewing them as the species coordinates on
a two dimensional map, in other words, plotting them against each other (see Fig. 44). Intuitively, the two
should be strongly-correlated: species that perceive a hostile biotic environment should also be the most

vulnerable, and vice versa. But-thisneednetalwaysbesosimpletfaspeciesisitselfvery-hostie-towardsa

partoef-This should lead to the definition of "two" particular roles: on the one hand, vulnerable and repressed,

and on the other robust and facilitated. The results obtained by applying our measures to empirical data (Fig.
4) show that it doesn't always have to be this simple, and that it is possible to define two other non-trivial
ualitative "roles".

Application to data from a grassland experiment

Our approach enabtesus-to-characterize-characterizes the robustness of coexistence at two levels: at the
scale of the community as a whole, but also at the species scale. Here, we illustrate the insights that this ap-
proach can generate for real ecological communities. We revisiterevisit data from Van Ruijven and Berendse
(2009) and its subsequent analysis by Barbier et al. (2021), compiled from long-term studies of plant commu-
nities in the experimental gardens of Wageningen University, Netherlands. Here we directly use the results of
Barbier et al. (2021), who estimated the interaction strengths between 8 plant species, as well as their carrying
capacities. tateratiens-Interactions refer here to a Lotka-Volterra parametrization that differs from the one
that implicitly follows from equation +-1. Indeed, monocultures where used to infer species’ carrying capaci-
ties K;, and it is those that we consider as proxys-proxies for the abiotic conditions (and not intrinsic growth
rates r;). The relevant interaction matrix, inferred using duo-culture experiments, follows from re-writing the

L-V equations as
dNi ’I“iNi
K K; =Y AijN; (13)
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In this parametrization, A;; has no dimensions and satisfies A;; = 1. On the basis of pairwise interaction val-
ues, we then reconstruct interaction matrices consisting of 4 species, which have been experimentally realized

(Van Ruijven and Berendse, 2009). All the pairwise interactions values and carrying capacity values derived

from their work are available on Zotero (See Data, script, code, and supplementary information availabilit
section below).

To show the role of the same species in different communities, we calculated SE€V;-and-+$/D+SV; and r}
for each species within all four-species communities (See left panel of Fig. 44). We normalized these values
by the mean value within each community to obtain relative species centributions-te-vulnerability and rela-
tive biotic effects on species, as the same species can hold different roles for the robustness of coexistence,
depending on the biotic environment. Furthermore, while we unsurprisingly find the same trend as in Fig-—8
the supplementary figure C1 (The majority of points being located in the red and green areas and being either
"Highly Competitively Constrained and Vulnerable" or "Less Competitively Constrained and Robust"), we can
observe non-trivial cases (blue areas of the figure). In these cases, the biotic interactions affecting the species
in question are not sufficient to explain its eontribution-te-vulnerability.
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The "Less Competitively Constrained yet Vulnerable" points correspond to a case where the strong eontributiors:s

of-each-species—te-vulnerability comes from its competitive forces applied to (and not received by) other

species. Indeed, to achieve coexistence, it must necessarily be of low abundance and therefore vulnerable,
so that other species do not suffer too greatly from its presence. The "High Competitively Constrained yet
Robust" points correspond to the case where species are useful for the coexistence of others and therefore
have a high abundance (and a low eentributionte-the-vulnerability of coexistence) despite higher competitive
forces experienced. These non-trivial cases explain why some points in Fig—8-supplementary figure C1 deviate
from the ebserved-correfation-expected relation.

Figure 4. Analysis of the robustness of coexistence at the species scales. Each point on the left graph rep-
resents all the individual positions of the 8 species of the dataset within the 35 possible 4-species commu-
nities where they are present. On the x-axis, the relative effect of interactions (biotic environment) is in-
dicated (»5/D*r; divided by the mean value for all species in the community). On the y-axis, the relative
eontribution-te-the-vulnerability of each species is indicated (SE¥;SV;, divided by the average on all species
of the community). This allows us to define 4 notable cases, represented on the graph on the right by the
different colors.
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Relative effect of biotic environment

Interestingly, the points cluster relatively well by species. This suggests that within the different 4-species
communities formed by the 8 selected species, the species tend to maintain a relatively identical biotic role.
Note that the abiotic environment in which these species have grown is supposedly the same. This makes
ecological sense, as the biotic roles of each species depend on their phenotypic traits, and are therefore fixed
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by the biology of each species. For example, Rumex Acetosa L. is predominantly found in the green zone in Fig.
44, suggesting good persistence through low competitive forces. This fits rather well with its characterization
as a weed species, present in a wide range of environments and able to coexist and persist within many
ecosystems (Korpelainen and Pietildinen, 2020).

Figure 5. Using the empirically inferred interaction matrix between 8 plant species (Barbier et al., 2021) and
their carrying capacities (taking median values for simplicity), we assembled all theoretically feasible 4-species
communities (27 out of the 70 different combinations turn out to be feasible). Left: The interaction matrix for
each community defines a curve, and the realized community gives the point on the curve. Large values of
zr (x-axis) implies high robustness (i.e. large distance from the edge of feasibility), whereas large values of
p(zr) means that most communities with similar interactions are less robust{they-are-close-te-the-incenterof
the-feasibility-demain). The shape-ofhigher this value, the eurves-encodesbetter the relevantshape-and-size
attributes-ofmatch between the feasibility domainrealized intrinsic parameters and biotic interactions. Right:
oncerescatec-how well suited interactions and carrying capacities go together is more clearly visualised by
rescaling realized distances by the eharacteristicmaximal distance D, Indeed all curves collapse on a single
one -and we see that the graph-communities span the whole range of p(z), meaning that some are as robust
as they could be, while others are much more vulnerable than what could have been expected. The analytical

graphisp(z) =1— (1 — i)s\f (here S = 4)—Fhis, its accuracy to predict the actual p(z) values is due to

the fact that -fertheseinteraction-matrices; D, ~ D (see supplementary figure B-7A2):
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determine how well orill suited it was to particular species combinations (in terms of favouring robust coexistenceys

Indeed, using the carrying capacities determined during the experiments, we can precisely-determine z,, the
minimal distance to the edge of the realized community, and ptz=)p(z,), the proportion of points within this
distance. This allows us to place all the communities on the =/5-z/ D, and p(z) curve (see Fig. 55). If p{zr)=+*
foracommunityp(z,) & 1, it means that in this environment, the realized community has-had the most advan-
tageous combination of biotic interactions (interaction matrix A) and intrinsic species parameters (carrying

capacity K), in terms of robustness of coexistence. If p(z, )istow-fora-certain-community, it means that this
environment has led to a kind of mismatch between species interactions and species growth rates, which

thereferetrducesatowrobustress-efcoexistenee-making coexistence far less robust than what it could have
been, given the set of species and their interactions.

Discussion

For a given community ef species-we-focused-on-thefunctionp—=+——pf{z)thaton interacting species, the

function z — p maps a value of environmental perturbation intensity z to the fraction p of coexistence states
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from which coexistence can be lost following such perturbations. As-t-turas-out-We showed here that p(z)
is a rich object to study the robustness of species coexistence, and how biotic interactions affect it, while not
reducing robustness to a single number.

In Lotka-Volterra models, the-functionp——=+p{z)p(z) precisely characterizes the shape of the feasibility
domain—, which is the set of growth rate vectors that allow stable coexistence between all species. Indeed
~foragiven-feasibility domainp{z)="L(dist-<=)p(z) = P(d < z) determines the distribution of distances
to its-edges-the edge of coexistence (see Fig. 3)—Fer-3), where for a given coexistence state, the distance to
an edge corresponds to the state's "robustness" or "full resistance", as defined by leperi-rebustness-2022

Lepori et al. (2024) and Medeiros et al. (2021). Any-coexistence-state-is-associated-to-a-distance=-to-the-edge

We showed that the function p(z) is fuIIy parameterlzed by mesrlcwwvngvsvsvgvmuwo characteristic dis-

tances D and D, defined-so-thatthey-are-, both equal to 1 in the absence of interactions;-as-wett-as-species

p(z) = 1— (1= —)SVET

%
D, is the maximal distance -the-within the feasibility domain and thus represents the robustness of the most

robust state, so-r*, such that p(z = D.) = 1. We derived a-remarkably-simple-formula{see-equation-8)

remarkably simple formulas for D, and r* (See Eq. 9 and 11 and mathematical appendix), based on the
interaction matrix and its inverse. Unpacking the expression for Ps-alser, allowed us to give a species-level

characterization that can be interpreted as measuring the effective amount of competition that any given
species feels, where its interactions are weighted by the sensitivities of its interacting partners.
The other important distance, D, once divided by .S, determines the behaviour of p(z) at small perturbation

intensity values, thus-in the sense that p(z) ~ S/ 2 % describing the edges of feasibility, which take up most

ofitsvolumeiif S'is Iarge.

WW&@&&WM
together while maintaining a high percentage of robust states. More precisely, if we want to guarantee that a
to solving

S
max{s | 2 < V22
ISUSSUUUN S SUSSSSSN 4
whose solution will take the form of S = \/7/22 x D, so proportional to D.

The expression for D {seeequation-10)-is less simple than the one for D,, but can also be used to give
a-complementary species-level characterization of coexistence. tadeedas-in-In line with Allen-Perkins et al.
(2023), we can decompose D to measure the robustness of each species persistence conditioned on over-
all coexistence. This interpretation, together with the one relating B+, to effective competition pressure,
can be used to reveal the contextual roles of species in maintaining coexistence. The biotic context created

within a coexisting community can be favorable or unfavorable to individual species through the balance of
interactions they receive and emit and how hostile they are to others (See different panels of Fig. 4}

eemmefeaﬁd—ﬂqu&fdﬁeﬂsrefmrpﬂeﬁeﬁ Itis interesting to note that the species resentlnthe datase
used in the study seem to retain relatively the same role regardless of community composition. It would be
interesting to extend this analysis to larger datasets to study the consistency of species roles in maintainin

This last remark is only a geometrical way of saying that for many interacting species, in the absence of prior knowledge of abiotic
conditions, there is a high chance that at least one of those species is close to extinction.

13

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

392

393

394

395

396

397

398

399

400

401



robust coexistence. If we consider the contribution to the community-scale robustness of coexistence urder
pressperturbations—as a function rendered by a species within the community, it is likely that certain species
correspond to "key species" (Power et al., 1996; Whittaker and Cottee-Jones, 2012).

Broadly speaking, our theory highlights a negative effect, amplified by species richness, of the intensity of
the interaction forces and the sensitivity of the species on the robustness of coexistence. Figure 4-and¢-8-4
and supplementary figure C1 also show the relationship between strong inter-specific competition faced by
species and their contributionto-thevulnerability of coexistence. These results are consistent with the existing
literature on the effect of interactions on community coexistence or stability under environmental perturba-
tions (Barabés et al., 2016; Chesson, 2000; Hale et al., 2020; Mccann et al., 1998; Vallina and Le Quéré, 2011).
The fact that features of the inverse interaction matrix are presentin both D and D, highlights the importance
of network structure, as the inverse matrix encodes net effects between species, via all indirect interaction
pathways. For the same overall mean interaction strength, net effects can be very different depending on the
way the matrix A is organized. This is consistent with previous research on the effect of network structure
on coexistence (especially in cases with more than two species) as on other stability notions (Barabas et al.,
2016; Cenci, Song, et al., 2018; Lurgi et al., 2016; Servan et al., 2018). This leads to eurmajer-an important eco-
logical conclusion: vulnerability to extinction depends on how a species is affected by others through direct
interactions, combined with the sensitivities of those species (how they amplify environmental change). Here
sensitivity is a potentially collective notion that arises from indirect interactions between species, and is thus
sensitive to the interaction structure.

Yntike-previousmeasures-As in previous studies of asymmetry of the feasibility domaintSee-AppendixS7

ahalysisy—Hewever,—, our theory strongly depends on the way environmental disturbances are modeled
2018; De Laender et al., 2023; Lepori et al.
highlights the importance of taking into account the type of disturbance when studying the stability of a com-
munity (Arnoldi, Bideault, et al., 2018; Arnoldi, Loreau, et al., 2019; Bender et al., 1984) and suggests that dif-
ferent results could be obtained by considering other types of disturbance (ie. that vary through time, and/or

Allen-Perkins et al., 2023; Cenci, Montero-Castano, et al.

scale with species standing biomass). Deepening our theory to account for more general types of disturbance
could be an interesting direction.

Coexistence is defined as the maintenance of positive abundance of all species in a community. No at-

tention is paid to total biomass, ecosystem functions, turnover, or processes at the meta-community level.
Our results should therefore not be interpreted as evidence of a negative effect of biodiversity on stability
in the sense of maintaining biomass or ecological function over time (Loreau and Mazancourt, 2013), nor on
the resistance or resilience of the the community (Arnoldi, Loreau, et al., 2016; Kéfi et al., 2019). It simply
highlights the difficulty for complex interaction networks to generate communities that can tolerate environ-
mental disturbances without losing any species. This vision of a fixed community and coexistence seen as
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the absolute persistence of all species over time is, however, fimiting-clearly limited and open to criticism. It
would be interesting to develop approaches that include pessible-turnover or variations in the-speciespoot
species interactions over time.

Another caveat is the supposed independence between biotic and abiotic parameters. This unrealistic as-
sumption means that a change in abiotic environmental conditions (disruption of growth rates or carrying
capacity) should not change biotic interactions. This assumption is necessary to define the feasibility domain
(Saavedra et al., 2017). However, the empirical applications we present (determination of the biotic role of
different species within several communities; quantification of the adequation between a given abiotic envi-
ronment and a certain biotic assemblage) illustrate how to overcome this issue. Indeed, in the experimental
data, the abiotic environment is the same for each community studied and is not subject to change.

Overall, this study provides an understanding of the link between the conditions under which communi-
ties coexist and the robustness of this coexistence. On the one hand, the analytical results provide a clear
explanation of the relationships between the various mathematical elements involved in feasibility domain
analysis. On the other hand, they enable us to link the interpretations made specifically through the analysis
of the notion of feasibility domain to more general notions of community ecology. In doing so, we have linked
different measures of stability and placed the robustness of coexistence within the multidimensional concept
of ecological stability (Donohue et al., 2016; Radchuk et al., 2019).
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